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itt MUi imiii m Hi# vlmn olf 
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toooieM rioetim IX givoo ttw tvtof liittoi?' ^ too oidbijooi of cor^ 

^ao ft x«vio« tlioM Mjittfttii of too mxte doM to toie ftoXi by otter 
rovBttXto if* mlmumt to too tteadft* $mtti.m 111 

ooiitfttoft toft si^i»ry of toOso x«»i£lt« tot-':itoi.u 16^ toft totob ar* 

toftitiiiaMi to toft mfiml&irig. ote^t^fft ttf toto !!»••£•* 

mnm • x 

ii -.x :iu\r,:, m'& 

tot 1 iMi to » motor at awHmVlmt or pototo to «, itwiiilftto 
•fftftft «f Atotofttoft o* lot s to ftfi witoftt to tod ^itX^ ta^ two 
motto* tolftftiito to i« lot § Aftftoto to« olftoo of oIX ttoiw ocrnttotiouft* 
»to#« ‘fftiiMNl ttoototo IftfliMNi to tf ottot mm onto tout ftS — » Xc=Kt 

fft Cf toto« ftoito)* dtooto too 

/ 

ftfiiito «*i to Otottotom to S« tiwmao ftot tto vmtor 1 = 


aiiHWugr lli&f X,. 

J 

re s. u% 

Mi 


i« iSb» «f itot ^‘jGtoT X €. % mi, 

/ 

mm* is the soaiswiiwt of 


S7, deoatt iSm Ojjew.ta*' ( - 3 — j 


ox. 


Ox. 


0 


aii4*l»rias* ths teAspetts* 

fetst IMsss sfNBeifiei s^«x«ici«» iSm mxk it is u: tlamt 


eai^ of Ills fwwtiona isvtilirei is pfobiemi to h« tma%d*mi is ooiitinwtusf 
xw&if noiiifid* m'i sit-iglo vsiuw4* '■4mki''fi:t$ for eX mtm iiXoff€.m 

the omtimmity has hosn steiNi^l* 

Wo now Aof iso eertoie eoaeopto i«. « 

(i) GWMM. 4 tot i« dttfiMd tm im a ^?«t» if twe m*tj 

poir of |w>JUato X,^ is liio soft ia» potat for nil ^ 

is is tbe iOt* 


(it) :r*n“C'’''T,‘“y f?sti A Mt i« u^&£isi»eC to Iw » aoii*oo«nr«* est if for 
HOMO poisto X|tl^ is Wm noil Wm p»ist for &m» :x e ] 

io sot is Hut oot* i*o« • oot io a rnm^rnmn mt if it is sot & &<mm 

m%* 

iOHork t« IJULoo# o^h«?r«>'ioe »{itoifioit tho w«srti to foileo S 

s 

oiii #MMito « ommx a m a^risMit of 8' • 


(iii) '':A'::''’ ■%'i routs a polst X e s is osiiwi its «elMWHi poisif 
iff Hiofo io set osEiot otiMKr poisto X^t x^ Is s« X| meli ttat 

X = ax, -»- a- 3 »DX, foraXi ^ . 

•A ^ 


(iir) I HfmFyilKt ttw ••% of psisto X ostia^pisi 

c,x, + +c^x^=X Coot su c^=o) 

iaCiaoo s ItffNirfiiaMi tmt gfmm mim* af ttn am l« 


I 

/ 

It wm wrltm © * »%»*® 0m im 

w m m 

mtlttm «» I • ©*It «iwix‘0Mi ©*t imi« iimtr imMiwt &i t» 

vtefosm C mi© 1 iffi 

(v) h mmmx e©»vd;.^l:.v.v:. ©t a finite avalwiaf of 




•>•1 io 9 la 4t0SimA M m polot 


X — A ^ ^ /< , 


0 = »^ i-j — j 


J^c -\ 


Wtt M* iiifini a fonutioik f mm i3m »tt 9» to Ihi 

Cl) iff for oil la s, f 

t OB© m IMtm mmimrm§ i« ooti^fio©* 

(ii) (mh ^ for oil i^ti^ la s* 

ir X» ■+ 0--X) Xa."] ^ i C^") ■4' (\-:x) ^C.Xx) f®r all x e x"] . 

or o^iudraloatljri liutt f €. ©^t 

Rxo-^Cxo > 0 <;.-xo' Cxo 

Ciij.) (ax), if f» all x^, x^ ia t, 

fl^X, -v-(v-:x)Xa,'^ < -v-(v-:\)^(Xa') for all l . 

(ir) tSJ^i^XKXwriX C^x), if for all X^ e f oai f e ©» 

Vxi(^XO K^O>^C^a.> 

i^•if ic^o <L ic^x') ^ 0<v-xO^, ^CXa,^<o 


Cr) i^y^.£U<-cag'f«x if #•» awwjr X^ aa* 1^ ^ S,X^ |f Xj 


for rfll > 


^CXt) <c ^CXx)*^ S ■<. 



Ciri) MFUOIf Ce«X), 4f f«r atll. X|f X^Cl- 

I [ 0, X, + 0 -»x»] < Max CXO. Rx 

Cini) 55 ^’a:;X-v*^3TcS l»lo* m ^sXm ilff«jfi*tt #^tt4ir*il.®t 

4«f «f QX fmttilMHl* 

1. A fti3etl.cN(i # i* isi an S if Sm »ll X^t m& •il > €.\^-.''\ , 

i- < Hox Cx,)^ 

^ Hxo ^ Rxa.) i iCXj,) 

» RXO < RXa,') -^CXa.") 

S« <& f«iMiiM0B i If fttv a^'l I|» 1^ jy» •’» 

j-CXO 4 KXs,") =% CX.-X^,) Vx KXa.') ^ o 
(X^-Xj,^ Vx KXO >‘» iCXO> iCXa.> 

Xx") ==^ (X ^ — sj^ ^ (^ Xa,) ^ o 

iOl* >o RXi") > i’CXa,') 

|» A tmmUm t t» l» !« 00 S i£ft 

*•-*• (*,xe.. 

«ir tiMi ••« M e 1, f Cl) < } 

is «Mif«t tm ill d • 
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t m % mt S $.» 4@f'ttiiii lm 

tm €m»mo Cg^)» Sl(»i«'tly i^)t C^^)# Stric'tajr* 

OtMiMi §memm (SQf)* Isiysas^it OU'-i®i-Cmsc,Wfei C»Qf) &r 

§m&vmm «» « HTt iHf ei» B(31> i^jc# mi, mt m m 

Him m fiMi Sf t if» 4«f:lai4 td iMi, 

C^iil CntM), ut t tm mm mi mm mw* 

Ciji) sis?)aiais Cwi)» if f i« i»difef (t) (M mm 

m iu) m mm (til) 1^ mm m* 

Cx) im)$ ut it i# mm m mm m* 

mm* (i) m cmtAi tiar [!<<#] , liit m m% t 

rnmmt im m&iiMiJm f %» Imi x Wt (mf lev ) mi tMMMt « Mf ftxmtleiii 
i« nit nnmtttial.* 

Cii) & Wm wmM m tmmmt mm nUl mf<m iwiqr nflwn to msst of ttm 
mmm fixMitiM m » imtmHyilii C0II«| fiiimti«n&* 

X«Ytt**» in mm mmmwam mm mm «ffS«i«nt im nr 

•ll«Mnili.on limm4. t%&amem in imiaNNi oli|ii«tiw»« flmnn 

pemA-mm mm^ mmrntmlmm If Itmm mmm&t mt niitixfclicui UmI wfitlxQr 
mm hmAm mmmtUm mt mm pnilim* tin ef m portlo^i^ 

niltition mm Hm ImIi noiH(«&i« t» m §mlAm impmmlm m mm nSft «r mfmtmtll 
Hia* in in#ilni In mm mrnimmmt mt Hm pmMm* 

fxiiinnn mppmsat in « nrinir «f matmm In fONinXInni 
{Mlioaw. Jt« Ctettnn mi w,«« innpir in wm Irntm m mem^m 

tmMmm mi wMf mmmfmrnmmi mriiMtiwi mmm m M itm 

mmm** memmim finii<M mm mm mmmmmi m mm 
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»f Bapd mA ^saglMmrtx^m fbrnm 

Myf fai«t aximmoiemm in t« l!# mMmrttA Wm qufii'tixft 

«f nffnjpt* to Ini & ,;J.iei, t% ia^ iNwriasr* iNeosiWi,# to olMiliewl Umi 
mUiAyiim oaiiMtiol »lail«*4t4»t lii Itoi of tli0oe 

t’scmtSiMily sa4fi‘t:mst for swSaietlsi; iUldlo it im oosootiol 1W» 

liovo m %mk ol tbii •ittotustti §t«t» of i^§tm aoi Am c^jootiw to 
to fulfiiie'a io oapiar to ooa^troot m mt&tmmt of isotiooo to bo 
tlKiir titiio& mai. %taeAtl%«KMill»4l^o piro^'^m^y m$ m!ML\A.0,iabidk will 

fonait Am aty»tm to not# frm m £imm lOiitlan tmm$» Am Adtiaim 
otjoiitiini* tf Am ofirtofli o otraityaNi tiiloli ««» too xopeowitoi 

Igr o ttolllosnetltoiS. o:$.ijtiiral'»oty i«li»4 a aoSti ooi if ttoo 

ONHi ALm too foantif liNI ttoiai opno tteori»ti«4il rooAto moi' too 
tm tlw oxiote'ieo of libo *tooot oiNMoilo af ootitwo* im& mmm 
lotMii Myr too ototolnoi foir ttoio ^toott of 

.'m" '<'iiiiiiii iiu^i -wr’- ■rn- ‘t^iwipi^wBr AT w oNw .aip'i/wpii' tppiMP WnfPfc'PPtlilwWP* '•PwWSjip^TBjipwp'ii*^ wppil^ 

tttlliyiiL tti t ^ 

w *’w”^'PW«PPOToao«i»fw ’tpfp^po' W*tW* WWiHS '«PW ■fi'^pwp'ftpawfW tipf 

i&mal&Um of • mitoiaoMttlool l» 

•’MikS m itoiloNm 

It l« iooivof to OotoraiMi tm m osriotoloo 

irtiiidi Mtiidfioo Hm ‘vvu fltr otittiitti 

(^x,, x^^-— . oc^) = C6 = I, X, cul.i: 

TT. op (^"^1 j ^au> ^-w") f 

te wriNitlm tmm tm m 

Vo iNgfo to tftoi o tooior I €. iP oMMii mMAitm Am » tMtiosditiUi« 


s 

Of 

^ , C*^ = Cm.») 

«iiii lA aiddiisi« (fifiXimim« «r '“i Xv;ui::iiv.) Wm fm&tlm 

Z = 9CX) Cl*1*2) 

jieXar® ist fariaiwjp «» ii«fim tli* jr«idl«Klii^ 

ini «mKietiaB wiKli 'tte «l»<nr«i 

Ci) «» maWieUem Ct.Ut) $tm ««ll«4 

(ii) ^QiUPStoft (f m m% mlmsa vmtor 

if it mti«iimi» iftKe twatVKinte im m T„%, 

dii) cm&mAmf fm m mf cf -t ■:« BOumxmBg a ^ 

P = |x ^ ^-CX) ( 4 . . c. 

it a. iNMsatriiiiit iMt mw m «et tf imwAUlt 

(S^) tti® <p iJi Cl*l#2) $m aalied 

OijiMMva fwmttm* 

CV; 'M.^giVfE Wm twmttm <p im imiI 4 *® tatee m m 

wtmKt^ stdmtim mx3mm rntmt f «t til* pitat € P if #i««* atiatii m 

W 

C >0 •nail tlwit far anwaiy 1 ia «» <- aC far 

vliiati X € If INI lwf« ^ Cx) ^ VU,) ■ 

Ql') «I«C wu-ii« .mxwsi J> fMM I.C » !• wU U kt • aMk 

m 

f f if it Smm »0t Iwvi » •tiMi; 

xaiadira aaodban «t X. laii if Utmm «Kl«t lai C > o amrii liMiA fat 

wmaejt faXat X ^ f Sa ini C<««iitlmiiltoai «f S^t ** ham 

Ihitrt it i« latMaaraMry te itatiap^iii httmmm *ta>a«^ mi waali 

liijitdiMI Hi t# Mlildlllli# 

xy[{) ‘SitmiiJi mJiiiWk x fei«i t^cw im 4iiii«MMi t* • attadiiaiiwi 

•f qp amw f if far *31 X € f «* luar* ^Cx) ^ ^ Cl«l«> 


Butmt Ci| tl«i« ffeift W41.I. fc* 

•Vm mwA 

Cm) fkm mtsAiiiOf&Mmm memmx^ t© iitfSjwi ♦siaw»»«* «i4 
MisMm aai *Sl.©tel* am ©dviovw* 

(Mi) far ft mt mSMiMmtim pro-^ea, Hw. mM *0|..ti«;il, 

mlutim* wUl mMA iNi«piH8tiv«l.jr tfa« gloM m 

& mm ta M fwafiou m& 

mm asiWiM ta itm M&m FurtterMrat in C't*1*'l)t ©aa m& 

m3^ tm m$ Wm mi&m ^ hiail4n far aacii t»ixl 'Hie 

aim rmqt trm mm m witter* fte mitwe at » wi is 

neef tet te relaite to my mmy$ i*t« ' m am lit alXew*4 ta Iw ireetor 
IfeiiMif Xmm tote or e^tel to a* la ym^iMaXm m mm hm Mm m ttef 
Ml ineltee oetee etert ttere mm m tetetmtoto awe 

of toe tertolileft ere v»atftolw4 to to awteipttlvo* Saloee 
eipteiftofi Cl«1*l) ani i» totox^pvette m » pmbleai to rnmitSm it 

ie ioeirte to ftoi mmstool mlmm far too flteMWtoteoto i^fSi^i*******^ 
of toe reotor I toi to oittMee (1*1 •#) rnmpmt to (1*1 *1) eM 
rte^toMOtelo* 

& l*f«f**ot ote to iiritoi toto tuRi mjeNr 

oLiuiom* 

I* w/xmsmi.W 2 itoim Ci*&.f*f«)i if to mm 

Cl*f«t) oittor toe Oif* <p t «r at toeet «»• of toio mmtmlMt IteotiMMi 
or toto «M nte'4toe:<r m toe veitoitooa oiii toiw totogxal r^iiea 
oatfi 'ttoa tto l«f*9« to torw e i m S»£i«f*9* 
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t« t*mm mmsm (ji.f.f#)* tf in iwi ( 1 * 1 * 2 ) 

0^* cp waul all Hift ttaa wi a 

•pwiiii #1* aallM ii, flaal^MAAtOffii sxKltA for 

«a &*F.P« la 

Oistiadaa C^S»** or slfca*) Zi =1 '51 Cl*1*4*«a) 

i-=.\ 


irtiiijaot to 


%_ %■ =' >'] ' 






^4 ^ 0 — I 

trtiafa a^» was ara awoMi to l>t 'iBMWffi owataata* 
la voetor aotatloot Hia la 

OptSttiiM CHioE* or tta*) I €11 t I € f 

wtoro 

U) »- ^x, **{4,=.4k,i^o] 

(it) 4> • \.*I4\ * Imwot mm awtrlx* 

✓ >r. 

(lU) e a Ca^» Ogt— -fOg^) 004 t - Ci»|f feg>”»\ ) oro fcwwft 

iwilSiWfii ill « uni # 

'1*1 IS tftw 


Cl 


(l*1*4-fe) 


0linw a ayratoa of it alm.^ltf03oouii llii.«ar ofiiii^^oiiai la a 


UBtoomOy 

jH • b 

^<a) 

Cut*&^) 


imit (a) a a 



oatt 

* > e 


Cf •!*»*%) 

Ci) mmm ^ 

}mnout Sf aoir 

ms wiIvIji V 

L 

i# sfeSNPMil I^PWI Af ‘iMS 


If oti aot awoooiwliii lilli tit* oaOtuMaa of mixim 

S aom awf ofoal to sotOf liMi Umi ia3.oiioa to tia rwaiSitliii oswtws of 

to 


(ii) mmu mmiu 9m mtnm » im tn* mmx, 

Ciii) trnrhsMm to lie li«titie gtolvdiw «ra twemd 

an Mttto YartoUtta* 

(Iy) fMIMMSt faari«tel«» nrlttoii iW jsot i»a»to mn& Mmm 

m mn'^rnnijs* 

Cy) nmm m.mtvA:. fmunt Cs#f*s#)i a im»to #©iwii«i i® CJ*u>a) 
tf it aig® ia leitm %m m 

Cyi)' s«S3UWt<mi A hm^ mimim to (uns-a) to 

if «»« OY mum Dt 9im %«•!« Yaxtolii^g Yasaiili* 

Cali) If to « i»ii«to «olw«i« to Ci«i. 5 -») 

MMM #f toe hmiM Yeitottoe twilgiiiey tom 9m tomto eolatloia to «allto 

(Yiii) Sill» SWIflCXfi A l.ir.S. if xmiieim«Mto is siais4 a hmA 

9m mmmt9k mtk to 1*9* 9m to vitu issfest to 

tiSIKNi iyiiUMl'Ilii a 

Ci} Wi&MS:^lC.hu iSliXtf t ftoiS aspto'^ esteif itois vilii tos 'Saiv^ltipms^ 

ai mmmmtf lY^iuritoil toe mistoaee wo# ef tot epttonl 

seittticKi to « ai«t*f* IWto toto#i it isttt net tovsHef • 

eeei^'UtatieiMii toeianitiMi fm totototog toe eiitiniMi tot to itototljr 
fespeneitiie far ie^lag toen tto fosniatioae to totolep toto pitotoMfws* 

Xn toe psestiit toeeto «ni ttoii eeueiAer toto eepeet fitr emtoto laf tf**** 
(ii) mmfn Hmm m ima. vito tie toeetoPMit ef toe 

Mtl %# iflif ipiipil 

to ettoto toe f^stol. totoem et • VUW^m We alNU teveXepi, to toe pye^mt 
toeetof eee^tottonai to stlYe esYteie eiese ef i«f«f«*e* 



pvahlmm in tiM at ^•ctaoln^ iM oltef 

ckC to ta $#fwIo.p 

m>&mlm taw itaam dmKP»*» *hm mlm 'Am pegmtaia tawm 
't,«(&«s.i' 4 U®s or to mm Ami’ts-ZMsJ. aoi ..-x^MjsciliSHao 

for 'fiiiii* 

fi«o*4liM«r iWOiiWiffidUi^ :;.’>£oalem em h» twpAar iivlcoi: inA 
tml%miMi& Amm 

t» mmmt fhi* %ffm at m&^» am At wtA^X'wiAA 

into two •IttMMMI* 

(»} :w.' ; '''^..vC (,;•. ?jj In tlil.» «lo»» of noSelot t&« 

s«t ol tmaitMm •ol.iilloiio (ooaotraiot o«t) to o<»M«tt4 smA tlw 0«?« 
i« oootyimiioiii* fiat mxk la ta» mammt ifcaoio aolal^ ootoniio to tliia 

(t) ].=;■•:■ ‘I... r, .v^trs lata tito oonatiaSiit m% ia 

mt ocwMMtai aoi Carl tfat 0*F« la not fiotiaaoiia* Warn prahl-cc at 
latitiot talla la Hilt tiAmm* 

im si*x::A:’f'lc Is suet aoials tho soofflsioata la tts 

oosatntlalMi and Car) la Wm 0»F» art mdiai mariaUoa* 

5 * 4V-''iA E‘fi:sic ^ra Hw siaffliiiimts 1», 

Iht aoBstraiats mt Cani) la Ha ali|«Mitlv« faaotloa art am a 

* 

PipraMiiwilV Wm 1PWi| iWi #tnr Uw9|Mil liil H# vm ppivlfiMl PMr 

MiiwiiirtHiiKtoli Ini 



KWflCIi • II 


liltf HlstOKf MB itf i'Sti @f l*f* hm* Iww «f &pm% 'hdikimi&t 

wimm lemg It ia»t tm S«»o«iS«» onljp ttwt ijiMt of ti* 

mmmnit. «wrk to HUIb hm i«M* with tl»» 

fomiiiitiw nf lAa ll*l'*F**» it wm nacis l^mmt ttet ^ uMtl 
iwiMiK ttf (••g* §iXtmmmtiJi£IL ei9f3«idtMi mai oalni&iMi iii 

instimtimm) mOX mt h« of gvimt Iwlfi i» mm « li*^*#** the 

Ute itenii l^rcwi the fmt HmUs 

the oplslml eNAwlliMie lie en the iKHiote^ the wf e«4utloii« 

iia4 ifi l»*?*f»*e it is let w«rce itoee it I&ee »t «a w c te wii 
WmtVtmtmfim§ it ma^ te eeeaillee Heit tN> sielMe ef MtirngmiStaA ««lLe»^iie 
Setemljoi enlj te^eMve OftiMt ehiiA mi «f •oMMeiytli' Imps eelue 
KliMi. gleiiel eptiwi ear* t» he «^tttit«ei* flw iiee ef ueias: 
m-tHjmAm te eelve aa feuelt Hiexefhxet te he <ii«iii3r4efl ma& te 

hevelep « ejwaiel. its^oedure tlm emeiiPL «f m warn 

It iNte la IMtt hheii iwcarge JS« iwiteig ^91 ^ » ieveleieNI 
Wm heat Ineeii mA Meet »t4eAj mmA wAgWwaim itevai^fe fameeAuawt 
taiMi. m '^iliipllidi 7x^^4113^^ i t#y I9 mi MfllNii Atifti 

iu^% "MUL I99tf nSltex j ii yfai im iwmi'Ii miliifetM Im 

.»tMiiiiiii«fc M# jj t yii i i tflfwitt nft fim ii^iilWMii if <iift 

•dletleB* Hie ieveloiamt eC the poiaerf«jiX eiiQlieai iMtiieit <et hith i^peei 

Jiijtfi..% f it, ' MiiMiliifii m iittiAiiif %# ifitliiJi lAllilMil 

HWW lW yi Pyi Hi g ■tirhlwIWP m/ff ^ ’•w ^pWf HiP» yrT^WhlF ip tllftyijp)'"IWP?Npp WiPi"|P"'il"ip* ^HWBppeB'tffrww WFWtf wmwW* tPP*" THr^'^ipr ep 

te the leeeefili eieAiiiii tN» giee thefjr ett^eitiea temtaiie f ii^ ef 



II 


%& Htartiia aiwtt Itet to 

ZmWt$$ iHKt iw@unt«vt4 istvutor 

kamvuTt mtmy ^ imtuxw tef* %i(m mda 

to to« mmm of i#X>»P. to l$ 5 n i*«* ld» an# Hmkw Oial # 

^jiAiiliwS to toi»*1WHt ijatof totitltof 

Amlixk& witli to* &mmmaimey' toi tofftoitot tor ^pAtaA 

ielttiiooft to ^pa^,:ms&Lug pe0hl9m§ toito iu»t <tol|r I.«ii Aam Uti 
totoifttltoii tm ft atmt AmH of Ifttor voxlc to Iwt o3,to toiuni « 

iVftftl r@epoft3toill% tor intoto^ Oovtlajiittsto to tm 

ani •!•'«« liftttor to mem 6&mmXi.m%um «£ too wmrik 4mm If* 
toto toA toftlMKr wirtt ligr Axrm, terto* atol UtaiMi L^f?l $ 

Axrm mi Batoenrin [ill » too» [.i?! § WmM ^sxup 13 l'] § 

jfMmtor [iTtidfill] f Itoigtotocito [l 49 '[ to& 4 toito ^ 11 *] • 

0to«i4«r Wm pm^stm* 

^ ^ ^ \ 

ftiuixft too tot 7 in MiriKi igr 

P - ; 3 c Cx) Ci**«i) 

Riiw ftfti fwlnir Y4i « tltot Hi* totottto^cp toi 

I 

'^olXimMg liMmm iM » iwiiiiJlt* 

iXl o L zz 

/vw 

X 7 x 9 CXo) rr XL (^Xol Clf**!) 

yw 


H.cxO 


t 9 I 


/ - 
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n^p <». ttat « X, i. «. t« tt. 

■pT&WLm Cl*2*f)» Hmm. Itaw^ Cl«2«5) tusm m £$€^i'ii?t-i.mi 


iS m iMltiitJUml a mv^ i« msS»$ 

Hikm Wm «aij«tlill.l%- aC IIm» Cl*2«3)* C't*2*4}» 

liiQHBWii « iti»9@a'ttiqr i» ordw Itet !>• «>2ji> iK^latlcii 

fa Hi* IUaiipf«Ml^ «liifi.a(M2. hgp»i^w$M it tecw 

sm •<J3\:/3is,“';S yC^'.iT. «• isTOiJerigp# .:>eeoa:4ii.i... to FMm*>f2^^sss^ 

Coiwfmliif i« mm imSLlsmmi 

iMm-C/^Si-'-''^t imw&km "Itoaf fiis tmm^imm |ji»l,2i-— >« | 

e HMUf mm mM fa wifiiefUP Hi* atmutmlJif qtis^iffeafioa praiwrllgr iff 
fi^ mm ilalMigitti fa ftat %N9^»aa»r af fl» aaftatimijif a«t I* Cl*2«S!)« 
f i«1d«f^lag fte Itnaasr lua^iwlitiaa 

CXc)^ ^ 4 ° tm mil S Ci#a.t) 

ta fcdRcjaaf fa m $m iMnfaJMi# la, F t»«» f« mf 'vaafar f 


(l*2*7)f iteia a8«r«ai<«MI» a mm '^(j9) > ° 4 <9 

eii&,tali»«»4 la f» «ilii i«4 aimt paalflaa aaaliitf aw^ 



i%»ts^ 


ilmila MNaiwai Hia aiara «0^rlaaiaf <ipiliflagli«i m 
fallMa C*i iteli aaU Wm miiXiMA SMiriMlaf 4M>i£l*atlai»)* 
ji®|5U''iS3 CCM'mA'^WS a5Al»li'iCA;l.'i:^t isMae fbaft ^ 

flMi fHaaMaaa % ^ tw — *a at fata* wa aai' Utai la 

•^iikliftai* ftwp «ia sarafaa «S|,{x5 ^ ®f la (f tti*) if# ^vaa 

aatyvtafaar f iw^tjil^riii Cl«t«t)t il»i«a aata^ aa ^ 
aaafaliia# la »# aim 'f (P) = X^, « Mffaiaalliiaa a* , ©=o aai waif 
ftail \ cL far •cna waififa aaalaa > • 

I (L© i ' 

6 = 0 



^ QiiSjr Mitmxmsm tit« *f«im-<?3so=sc%' ^ffiswtmdUfl 

< 3 usllfi<sati ja* Ct#2*8)f mA tti® »atfi«d e«»*jpilat Qiwslifitatl-vii* 
i%»2S) i« In libi latter w« 4o not 

9f angr «ilf Itet ftaQ«»tiM!i mA «kf tim mtt$ «,% .folnt trmsi 

I • . 

9 

Ito fmflli#*' werft^a Vm no4ifia4 omjRtraisit 
{l•2•t)» mim« [ti]t «i^«sr«4 lAm tmmssm tfcieoroxjs aaft 
mm9^mnTw m- 'rr.'-u m m» fAiimim ^ 

AX=:b 
X ^ 0 

aa« a b > o 

\iS 

•iiaM A la «n wm MatxDc: 

Wl 9ll3l.lMil t 

'^;iif.jA'?-5^' fO 4 Sift lift f ^wm rnmnatmAf in 

€. f • f €. lP« lb«a f it • vt«t«r tnipsot t« f at If ilmm 
«3il«t» a aitiitoaa (x^ acMtaliMMl la f md aMvargiog ta m& m 
C ) af atiBAi iliat tfeia attwaHi 

(C Xjf Xo') ^ f} «*pl« IMI t • 

eoil Of W fo A sn§ %»% f Iw a^r jtltatt laiiaat 

la 1^1 X^€. f 'aat Xfflaa tai^sait vaatart «• la far 

•flf iMMdllXta > (rfiXaea > Ifr :xy la tia alMira iiffjkiMai)t «a4 
f * ®f ta a taaiaat taatar immAAm aaft :x^=^o tm p In Hui 
wHimtiiiai#* fna aai aw axi. tMtaaa tas^iitt w t at a^ la iMa a 
aoa<Hfai>|gr aaaff alMMi' aa aaH Hw *INMa af Uta tatawalNi ta V al 1^# 
liana 1 1 lai f In aa^ aaa««i£i% aat ia l^t aii 1^ la asgr piiai' ' 

%m Vi liiliiit mxm ^ HiiiMttfcii tPli If M In &' 



1 ? 


tet m mavm mm tM.^% ? = Mmsm tlwt X^€. 

W ■ 

I 

mA tteit «ll teetifiBiK g.# ^ 

3k W 

9m» amtufiLUjr aslt^s utm iskmm€ ewtar |ii>l|>%0Si^ em®t 

6Wi t«i 0'iiitli eloiwti emmm piA^tmitkl tUMf 

$,o <« •*•■?) 

Umi 14ii««r4»|j%> mm lim sjutiisa gj^Cx) ^ Q# twlt2*-~-»»a nt 
XiMm St iiirm Itit iw$ 

p^ 3 4°. '' Cl«S«S) 

1 

•ei l,«t I^€. ?• ilsMW HiiKtl fill tkm l'i«t@tl»iii i|^t l««>1i8f«>*«»<*tS| C U 
at 1 • %iw& 1^ 3,SM«xlKlnc tti f at acNatftXMi tba tC 
lMtgwt« ta f at X^* • 

f« mm lAtiMtea Um lia|>»«tia(it «t va€-^,^tial 

«a gifiit ly XiNidi* [11 ] f ivliXsli i« atelni*, than tiw ««a»aft aX 
oaaatsaUUEit Q'Uaiifiamtim* 

titan a aratan 

2c, W ^ ° 

niMMi nit m£ aolatioes In f» int € t nni anunMi Ituat nlX 

w 

tmmti&m g|^» ^ II nt X^» ftwi X^ In nattlMl 

*Snt<inattnlly Qt4nXifi«a* far ISm »sfmkm Cl«S*lt) if It* mm m tan^nnlii 

t« f at X,^ in itnaiinaX nitli iJteniliit^ niiBMi t« Cl«t«lt) at X.* 
n w 

la mm ntn^ f <^llLawiii« nnilftat fami at Im nant jte|i«p|iaiit 

XylniMtiiai^ tliMtaarant iitan in* ikmSMm [it} * 

HMffiiMBl Int X^C » 1M antMMtiillf tmalSJM far Wm 

m 

Ct»x«id)« Xf ilX itn ftnatlann cp i ^ •• %# 



Htta m optiJWdX Cx*9«aX) •©Iwtioia 

lm pTi^^tm Cl•2•l) aw Wmt idmm 9xi.M% m mtAem 5^*1 
am^ Itet 


i# St| 


V4.CX.-) 



Ci*2*i»5 

^ ^ ---J, lav 

Cl. 2*15) 


Xtte wi fmDmv tiff] Wfltjr Cl«2^) 

DiiaiitS Hifti if tiitt fvm%im ' cp a* a ITX f«»«ti«it mi all tte 
«, ©I 1te« fftip l^€ f f to« «tt epttanft. (fslfiibsA) 

•fllulto to Ct*2«l)» omiitimt (1*2 *15) 

aw aafftiieimt fste* famtS [ 123* 151 3 Im «xlMi«i I0tm wan&t 

fa Hia «aiMi« i» Wm a9$mtim tmmtlmm m» 

mmm$) wm waimiMTcljr ili&aar fmm'U.mml wM MaflmiW 

eogiTfeat ftKattiaiui* iattaf* Ll^»®®»3ll 
Itaa 1M» mm9 la aMiii af miali Hm ailjaatifa fimtim cp § 

mm ^mmmrn Ci»«t ia nm §&mmitk flim a <1X ar a, 

Wt is fssiastiasl^t -ibs imiiisi if tmt aiw^<4iiissr funaiimsf 

His satis if tss mam^iMmsp fmmtlmm aai liu» satis af liis pssiuet «f 
tss a««i<<4liMiMir fassHias ta tbs at a tbiinl faiastiiii» smdl sff 

ths tmmtimm tsisc wwisiatii mi aS^l liis acmaltalat - 

taiiMfmisrfwif mt in sam if t 

(51'3 f it is iibaaii Hat fsar f n ts ts a ilaiwi saoSitiiSis 

Cl«d«ff) Hissigti Cl«^«19) aw mawawfs aa^ aaffiaimf* isssiit 
tesiss «ii Wmm [t] • i»w« sal iaHisviii\^«J t oHlair apps^prlais 



Id 


sc&ditl.€3i!i3 liMt tlm Cl««!*t:^) ^ 

^m tiwi ftoetiots op i« {with e«rt«tlii 
xwwtiietictts m Cp ) m& all tii* «3(i9tz«i&t fimtimt to (l«?«2) 

«r# QX. litotgiuaax^aKt {_t4S] ia&s lAcnw that fox' 1^£ f to too clok^ 
micimix of tins ooiiaitiom! Ct*2.tl) towa^:^ (l*2«13) 

«x« «ufftoi«at Mhto to* taotloB cp to K!T soil all tow o<oMtx«tot 
fimotioas saw QX« of too mtk 4mm tgr K:t4im m& 

tmkmt [t42^ $ to «iwe«t of ItSitoox^ dtooosims ttiMa sxw sv^kitolaXo 
In L«3 • 

A oXsos of 8 itotoh hm wlA^ otitdlM to oiw to wMoli 
too 6«f • to i&oo<*ltoost tilt too emmtrmMlm am Xtooacr* tatlumttosit^ 
Hw imtlwi mor to ototto aof 


dfttotot (liioi* or .Ato*} cp CX) 



C*1 4 ^ 

•to;J«ot to 




A X ^ b 

1 

1 




tooaNi A io m mm ttstflx mii [> i» m ml ooXwhi wootor* 

Aftmt too >Sto|k3.«x lotocMi* iarmlmpei for oolrtng; * ma 
srallalslo to 1991# s ofwotol. tyiio of 8«l»«F«f**o« toXioAf 'QuiMlmiito 
fiaogiwaotoil* sttawotoA » iiwst tool of stt«Nstloo.« Hotooiototool WNini. 
for m fiioAinstto isrolAwn to m 


otojottt 1MI 


— CX-vX\AX 


Pi X 4 V> 


Ci*a«iio) 


Ci*a*iiii) 


X > o 


io 


M is m ma& poAttm m^Hx A ee*t 

vmt&f Id mm m in (l«a«1§)* 

£» 1915 aBi afters'jiHR2i‘5 m midimT nt p^w m {t*a*'IC() 


flwf «x»« %o iMlulB Umi warto w£ WmtmMn aai tefteif \i2$%3'\ » 

Ifeial# ^14] * Steiis • Wmmk msA \_73'] * ililitiwto 1^11©! « 

Tlaai^iakvi^sr • imak* \145'] « (l53l » fais 4« B»ki® anS 

awiil \_l?4] y ?«B 4* Ewirwi m 4 tfetottOtt |l73t '116 ] » a»»t S57f3‘i»40l , 
tolf« , mm f ri*«& \^?5*16 1 # 

j^icrtlMir «ilmm act (Xf 

mMmk Imm kttfm inild afliiiBtiaet* It t» •iitttii4 m follmmt 
Optimiae <p O^; 

mSt^mt to 

^■Cx)4o (l.J.1«-*) 


ri..r. th. tmMim t. 01 «* Oi s^, tot.O, iOm «x»« 

atUMSttOiMI* 

JX m mmmm 



Cl *a«a]l 


item Xm Ml&mtimg ' kooini xoMiltot Mit tor oswi^o* iMi 

foiai4 im Mlogr \_\o 5 ^ i luAi for tlOo proi^li^ Cl«SI*f9)« 

1* ioorr loool oi i ftl j wi of cjp ofor f to o ftoMl (14(*19) 

tm Uni oot of ta ot oistieli tOhoo m ito gltiMift. 

otatoin to o @mw% fNit« 

3 Of ff Itoi il^irOtot ooal JBooo of^ ooor to toBMOii tit to t®io 
tMlMWtor of 009 iPf tOtffn t6o fmitloii cp to oflonttowt 

ofor t» 
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4t« .Xf I'' It* aloOf ten tlw gtoltil. mmiMm of cp 

m9T ? 'Will takm m o% mi or aar« «rtm» poiaft 
«f P. Cl«2«2S) 

I 

If ail, til* Jliacti®a* <p • g^$ — ,^I € 0 iBad flwi 

Kyte«fy*iE*r oo«Mitr*liit Cl<»2*s) «ir* 'tl'iiia 


ttCKKUtiOO* 


^x<PCx.) -i- -- 

•vw 

t = , 5.^ , •>,v 




fer *QiMi t — ,isi ««* ai«s*a.i«i^ tusli •ufficioat tor 

X^€ f 1» It* giolMi isioisaMi Cl*3«t&)' Cl«2«23) 

teir*r*l ii«i*HClLaif* al^ori'tlim axint for fit* aoiutloti of • 
e<i£i.v*x pr«,p*MBijag fiol^«ii« flk* wstwl of flmai* or*# 

I* iteulUwtii^k** Mitiiod of f«*»iOi* Oireettoe* [li&j • 

2* Rcnmno.** iiniAiisit |»roj*otioti Mtftoi » 

3 » Frlfldt** ii(iX,$f,|ii(iK aolttioA 1 • 

4« Xtilif** cattily i&mm iMiliiONl, L*^9i] * 

Imf ooiaat&ote ItoA «oi*«nfo«Qr*4 1* «stMi flui pmmt of atiag^loa 
Oiai a4afl.«r wUMi* t* oHMr psogr&mtm proliiiMf wol 

*«ii«IAir*lll* r«*tia.il* IMT* mm Imnmr oOklovtii* M •Mitioo to lint'* ami 
i|iM4l»Ktlo $«ojM9Httog im tluKr* 09* t»* mem t^o 

of ai*w4 iiaoar iaf*@«r ismtmrmmSm m)iA Wm pmeemm3M$ «if|t . 

•apMUti* cmmNek ftaMfdMill* to OUM iSm pmm of a^tiMNWl impidai 


i2 


•mr%m iseiii imm mwPm4is&m tn -liatsasp Mlm&tr we 

htem tme m li«l'«f*t m sMitimml i6mt tbe vwl«^2.«e tt«ei 

iMimft eaiute* it well, ’team tme iolJSii.: e 

gOK^ 4»il. ef wxk Hm IMle M t$94t Mm G'mxmn tui 

Cl«£* hmSm [4fl « jwtr to wMeit imi m 

caamx proj^mssMAs .fore^^ieii li^r to wMcii Mtooifi ooiM 

Urn eiiooetefyiljr for olvtwtotog «& eelotim* 

fim IdiMl of odtwiottMiit aetumlii^ ndLee* 'toe <peetiou 'how tm 
toto fWNvor ecKtonie* fhto touft li«S' hooo aet etiltollOly eot hf C;;«3pm«ie 
toi <Sooittx* to x«ferr«4 oleo to tlw ptoetoilito ttet 

toe iKtime totot nelMbi •«$• toe etoplet eetoto^ aeiar to oC 

solirtog; |ON»VliNMi wito olijeettoe fonettoas toito wra ^oitoor 
mv mmomm* W«Am WKttm 1,151 • 199*3 tozoltiito * ferttol mmmr to 
toie qwetiar.^ fer toe %Fe iC totowaottoiil tototomr 

itieeii itf , 

•Udio. [cptx, i ycu\ (i.*-*4) 

wluiee it to asetaeto to«t» 

(t) L = ( X i (\ X & t, X 3 X t C j 

M ‘ f f fiH k) % f|in nn Ia || •2*15} • 

(ii) % oo^.tiitoe too 4i£i'6)emt fmirnt&m 

Clli) It to iNMCItoMi* 

(it) to* toltotito tototito cp Coe atoewlr mmmti Hi toe toftotoi) 

it e£»%tiiKiOi» to !*• 


« fto oMtow* toe xeiortot ef toto .iwper ftm firof* toito lliivto# 

to Itoif toMl toe setoor ted eoe^otcKl Itto etlto 

toelotoft to toe toetoye* . 
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mm mxUrn [tsifisa] tbt «f F.aX (nr:? } 

i«Sil*i» !!,• Mtmm lto« tulmm &t St^I (ssf 5 Awaciiaas «as^ 

mlmm »f «I Cq» 5 l«Xii mxtrn [151] si#© taiw4»»i 

ii«ft ©f fuMtiWRi mii. pw»4 ttMi mimim « 08 it 

%m 1 %Mi mmmmxf iHftt sufflAiitasiE mmMMtm f&r Atlistmimt ©f m 
rnm^rnM «f qp «i « mmmm point oC li tsro that <p 
m 0 iMtmoM mt mgt t»© point© ©f I* m not 

it© ©a th» ©MMi iNiipt ©r 

a« fti© faalSar »f taastiasi® 9 ©fe^ h©©® *U ©•©tmti'WMi naA 

tiidl«ii ©in Dm ©i»tifc«lii©i» If* s«|i©«»t iwato* ©©itoto 1© Cl*i2*ai) 

•onolst ©f tlMi ttiii«i««fln©l©i^ fmBtimm* IM.© I© tM mmh 
tmm^imm mA ««% mim f laHitl©©© tli©i ««© Dm 1»©©MI la till© 
mmmT fwt pwrp©©®© ©f #®h«3l • 

ll80Kiwt©laa [f 4 »] t»t»©4ii#©4 tli© ©oa«#|it 

fmmtimm moA «iHMlloli©l tb© Ihllawlag «»s«At© far 
BOX tmmtixmm mA ©tatiNl that ©aiilogou© mmADm hoi© f«r m tmmWmm* 

1 » X«t 9 h© WL m m ©©t 1 c: 1 ^ • ^CpCX„)=o, 

iM ii ipkiiNWl* iByiliiwii #ii# 3# 

f * &»t 9 h© €9 ©n © ooiiNi* ©©I s o 1^# WDm 9 t» mx «i s^aai 

a©l ooBiABwsiy* 

!• Xat S t© • mamm ©uhaat la 1 ^* ^ <p t© ISX «© it thm I© 

mM {mA Dmmm «Jl) ©a S^lwi «ot e«w»«©©iiy« C^»**®*J 

4« x©t a i© • ««ocvi« ©tfe In # • If .9 h» m «» t, tmn imtA 

ntalaM© ©i <p ©i«r 9 . 1 © #4M wimmm mm* 


• eotmot irov^latt ©f ©©n^t m ijfl] «l©in In L^lt] * 
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’P.mmki It mail' Imi mmT hm thut to jwf* '^i 

ItaiMtfiiaii Ll^l to toil £r«l 

Cl*^«^9) taiti pmvm w&'H^o'ot Ci»t*«K)* 

*;m 6 t% Sm pN 3 ®riai ^tiwi tjf «i 4 cp Ihi a 

tmmttm mi mil to Sm^hlmsi mi tot mkX <p 

1 

i|^t t»1»S»*>«---‘»isj C * tf tli®r« «tot ««i 
3i" f toll f y tlfct w aif 

<in«iiti<mii Cl<»^*5) iimZS) ttiMi 


cpCXo) = CX) i' 

r««i%3.t4' to %%lt Pa.a&^iu** [148«3 Wm rs^/ ‘..l-v-i 

totwww M£f«y»i,iir Itoifi ©f «of.v«)tl1^ of miMl ■•/■s«\,:<A';'.Sf .■••,: »■ 

■*^r. * *!,'■ mi&t II la@al ^ittoiMttii '^4’^.';) or 0 ':;l(c*V 

Ta-'all'j!. atigr not to « ilotol .J--** (-.VuX'^aus)* to 

iwowto tottt if » to * mt to mi tf cp to a 

to tton w«rjf lineal stotoMi &f <p mm ^ .l» ^Idtoi <^4 tilio* 
Itotoff iiitotoati Ito C^«t429)t 


Cl.R*10) 


to mem ptmirnm oft totofU'iito 

^ 1*13 a ooo^itooar jTrfeMa tioo i i loaotlOHoI L*]* 

itoNiftoilHiHhiPtoltoo^ ftoiitoiial r>vi>-i^s%.y}c t.Sl] • toi INi 
foiNilts Uituu^^ Cf«?wtt) for osEplielt ^tototoooiw 

(ai paoMlisi to mtooii «at optimiao im iQJl f oMittoB to • o^^msut. m (%) « 


forttototoOt ho tottoitoto tom ototopt of toM mm ttootitoo to ttotob 

fltl « toiiiii, j^P iitoto$?a 

^®P» ®IP*fWS TpPPW^ WwWIpPWWF wto 'toPto®P^p^^iwSP'W m ""lo^ ^Bwtow'to ^w*vStor ip "PP* 'WW*W*to||r 1 aUpFu^Pr^ 1 

iiaii to toil' toopatoito to ooto fto«lito» litoo nito iNito ooto^latei to [_I9} • 


f # ^4ipHi^ i ||| | || ji -^ 0 '| |gji ^ | |||i || 01 1 ^Imip 


ismM a? tfiT-?- 

Wemt «f liMi ww* is with liait »ta% at t'’';4i«y®ti©®l 

i*rmX^p-jm,%ssf istailitg liiti of tMteii^aiwav 

ilaiiMT t# «l,3Nn*^ sxifttos asthoi# far si|>®«4!A t^;;« af i*li*ti*S*'«*» 
Ci) lan^liktfif IMsClAlts Piupotl'^^l ^o^iwulag Pr&hMm 

{ii} i'lMli<«4klBMS7 yiftW'I'I OfIffi Fwaotiwsal rmi;ra2£iiiae I^roblsa •^‘•^'••») 

CUi) Mtxitm ’io^; ft«U*«8 CsW F.F,*a), 

(iv) l^ndbs-Co'iesva firogiriMi^^ (ff f •#•*«)• wmm 

■VimmiUmA tmmlim wi fuiwitotmtsi. la|)ar%«&s« lumi ^m f oar 

Ix^^iait fmgsmmSm iWl A faw .^ropeirtl^a at MMdIjr 

iotroiiieaNt paiiiM»«sr^ieavs CacMrtax) twmttmm mxti • 

X:aX!a^j:';A’i!G F15is?20'.l.^it 

A f «!4*XJI*Kf« of Ifeit %po i:ori@i4«r«3S |a Ite pvosOiit ooElf io aMloA 

l "I "-”’ 

liMifO f Io o iWKif«K ovt in asaAt if ^ 

oiMsoifiod oQHwtxttliii ftaotiaaiit m& t ami g axo aiario'tyMt foaittiw 
fmotiooi ofiqp. f amt, arnmat to In» omoairo mma o iMiiimt iwt 

8, ?C8ei\ . . 

it viUt Ito ayiioMQsirtiOlio iMito to waaiam iNtiiiflijp tio oIjmoI^ oiiotiiig 
’ttMorotieai fOMi.to ioi mm of Urn fl«af(ot«tioiBi^ tedmls^oOi ioviiopMl 

MSkiHSm . ' iiinii itiiftfi'^ rttyioiih mm mau. ^ifu iii)iO[fiiif“-«ii^ -Jb,^ oilkkttaMifiiiHtjdk amamBt *mK 'Hr « mgk ‘‘Wm w mmJStk Jmrniiimm-Jlki'mlt 

w S 9iVl|yM»lif l^fpi tm WUaViI 

ftfigriwMiitiWg itiAmWm)^ ' Hit pioKlili of CtxiNI oaaoMoiog % 

A* MbMi [tSi3 * ^ vliiiii 00 foilooB ^ 


H&itliftlMi Cor iaxSaiiiMi) <p CX) = C X + X H X Cl#2#5af) 

to X Cl *2*33) 


W»tm, 

(i) a ifli «a tom iMtilJi . 

|«iw/ A mW MB IMfX%IC * 

(Ui) $ ai3i b mm mmmoUymS^ saci m& «f cQlmu 

A» CMi«fi [l$4] d«nr»l.o$«a « «iii4i3i inel.»di«tt maly 

M • b • XtMme- m mmr^ [124] « [13S] » [133} f 

[lt9} t 'isuee«®4@4 la provldir^.j iwcAmiQiai «i‘l4i sro&'ttrlffiti'-iiss 

4ft 1fe» idttlftliMSi VMiftMftft {i*«« I )» but ±uvQl9i&^ xyvftt 
etaj^utotitmal tfiertt ia «aaift emm»* 

Itell 3iiuu|) in Mn pmmtm L^24» Iff* 126 § 131 1 132} ftCsnetidbnnNl 
purti4uai«r tffw of XtQ*!'* (^ti^ ftim bw tMittfi m iiftrlieiilar 
Ibt i^KobXwi ftMiMivtA In am lyNitift)* iubb pt«ibl«aui liftxn 

oblftiftftd Ift a, nuRlt% ou^ext* temral. i»iinasigli«nL aio#*X oim«i#ez^ 
Igr Xaftti 34turu|» in ll24» 12§, IM] i* sHran «»i 


JtoftfcRtftt Cp (X) C^'^X + '^) X ■t'rt 

<§§ 

ft X ^b 


X ^ O 


Cl•2.34-•) 


(f»2*34«l») 


WiMnM 4« Oi b mm m ftlimiiy «]i|>liiiii«4» 4 im m met ftolugaft mNTlwrt 
^ am ««bttiMair paolay* wmatfti&tfty ant OX'aiXt dx-t-p «rft 

fttlPiftlSLy 84442144 4*VK4 UMI 4ftt ftf ' *■*>■«* ***<■ 44l.t|it|L0n4. 


ami ppoH^ftow mm In * iwrtMi||r of tmiMitn* an* 

anrit pzftIdMi mA4 «rl«4 [120} la ft ftitiiHiblen at ftaftymbltlfft amitml 
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ttt tlutr# w* Ism for a gi^m pv»Amt tottd 

iMMwid i» ecHrMtaott tlaa oalo of iopiois m tim 

amatlm t yrios&s mM ow Satoroot i» so ssoxiiiitat tfen# inrofit of om of 
ooniwtltofo* If» iiKwcry ttm mist of ite- ^mduet Mpem 4 m 
00 it0 mpiatt pr'-^mt Stui proolm Oteoaos H&ot S«L« !•?«?• 

lo [1243 t problMi (l» 2 « 34 ) for it» mOLuSIoo i^o lMi<n replacod 
ky m pm^simSjst^ isrofelo*# will* til# iaolp of 

triiBwfonHiSloo [ 4^1 t fTao wkioft follo^a Hui iipLottwlilyr of loeoL optioo 
wiil* iftoofiaito <|uo4rerii« fwoticm* Viiiog trsatofornotim ^{ - b X 
iliiro b >0 [411] I, ie oolww pn^lott «t ««a iioiwo 

iiiiteiiO vCb,y^ - -- 

TV 

to 

— V> fc O 

cL^ ^ ^ b = I 

b. N/ ;^o 

«b 4 Im cp(x)= cp j. v^(_b^Y^) = vvwn/ v^(_tjY) 

lo t II phmoMo iiamur wrogt&mim »tW>^rmeles$ iMlor to 
tbot i^toB 1^ iloiMii \li 5 \iMMi tMMO parofiioi for itei aoiltitliaa at 
probloo Ct44i!44)* OofiflitioBO foroxtriino «rt ioriwoi «ii4 Hio 
for iooal ootf 4lotoX- cKtrMw oro tfoouMMHl* 

tel e' I 4 06 lo o Uiiioor tmmWm to to aoaiJidMNl (or utotwtio i) 

/ 

MBter Ho clwtii fOiwtriHiito ooi 4 1 o p • > « 

Wm aaMmSL oi^iitiao m a fOBotliw of ^ to , 

Y^Cy-) - (C'X + cL) 





f\ X 4 t> 
dx+ ^ 


^#0 ^Z*! ^ •YWUa, _{_ 

i»it»J««1i to 

f\X 4 b 

X > o 

dL' X i- ^ ^ :x 


^ ^ at + 

Z C^) = Ut +■ :^ "^>0 

for tilt »iixlaiwitlfiit« «« e(mi44tr 

Zi C^} ^ 


4 4 


C-V \ 


X > o 


ob 4 fosp ■i.Bdiiiiftttiw y 

H^.Z'C^)x X >o 


«d»tfft it^f Y|_^ tir« «litii;tiMi lijr toltiiaf Wm pmh&m m m limm 

Ijd modems fmtmt f X^ti 4rrtlopodi » fJjnltt 

ittvmticn jp^oiMMiwo teat SixOtem lotal. Mill: W$ 

i3jMl uLalaioi) of pxoU«^ Cl*t44)« ItM jimVlm mm ottooteoA 4t9mi^ 

bt^;dO^ ti'^ • ll^f *«• mA MhCWiEm IQlt iNtliititOMI lOliOr tlllolk 

.ooliHiOMi oon in iopeovoft* flxo attisoNl f»Vkmm4 tm •mMi'iljr oioflar to 
*8t«^o» ^o^MdlViio' te liaf'* Xo iSamtm 1 tlio mmt ^1^3 * 
la iNM oiilaUtljiiMiMi to feo 3K^ la fuid^lo «mmi« mimA pmmi. 

Hio aijr £»a tlio mimtmim of alj^ioMlko tooimi^ae for tto 
ttM oittaiMtr 9mmiMMmm tm lotol. oftlaai »«ro 



[l3l] t K.aati e«ri,®iav:,-r®4 t&e lasitfiait# v-aa-siratt© 

liKXtaiwi Cp (x; = Cc X + oL)(^(L ' X -h(s) (I.g.35-<|) 

to 


ife'lwijp* «» OX fijaeiioca «©& t ■^oc ^ A 1 •*■ ^ mm 

p»«iti¥« ov®r tlie jflit of f«atibl.» Safficioat 

ia t®»a« ki^aa au'iti;.liers fw »s*ia»i of (l«2#55) ar® 

©•jftfod# la iuioijI'iiMfS' liajMrr ^t2i43 # duraru^ ifi/irocucal 




*Iai*fiait« a® ia Cl*2*55) ail ttw> 

1 

t aai &% m & ®liwa ©f ’V;©'.iSe'- 25 a'*oavw r r • 
falm .jlafta rim to «n l»,5»r6aiit .-giksiT >2i-rfor4'nSiel 

«oa4ititxii sm oiePfloitat for Q^MimaXity^ wIsmu tli« objmstiiro fumotloa 


i» itt4»flait« '/u-'^TsSilc nai! ci'Rijts'aiiiiSc airo r-art'^rf 

• rtowit 4 » th® dircetla'i of tl»* tlwi *Si>avox0e haillty 


wa» «i«t» prvvldOiS* 

l4M*ti Miavip [15*3 f pr«rrl4©« a pyE>eodssr«, Hn tm ia»*ae«^ for 
aiOdjRiaia)| aa iaiof iait* fimtioa oulijoet to m»' tiuixCiya'-lc 

ttoaotralat aoul m nmiAmT of Sdaoar emm^mluta* ffett Mtboi tlw 


at mtn&g tlwr l&a®f i.ra3rss.;:disa wiHi limar 
oonstrauito a «4 tint of sMOtiaiisla^ ift® oorntx (|u«iratio omv m. 

jnsjLmrn Bootor i «tt4«r apiropriat® tMMMiFtJKMiOf 4»rol©|io4 m 
0Wi»iitMiti©iM(l tooltiliqLtii miMXm to» "ittbod of ta4MiS.l4)i 'Mxmtimsif 
I ^ ic^lwlA ^ modjnuMt of i«l»«X jr*F*f» Cli»a*5l) 


«ifl> tlMi toocHVtrslat o«« f ilrwi 


> 


•> X€S\ 


p = [x •, iim 6 0 


c ” C 



wMm §^$ 1^1 0 fmetLmm mmth € C ♦ 


fliMi ol^»r ftiftas of pmginmsdm emaMmmi in 

wta^ im S*L*F«f of «^jUi& •!*• follow at m iwtrliou^wr emo* 
Kio't^MMftooI m 4«A for is 


.0|rt|jif«i (iltat# or 'Ho.) ^ 




K>^) 


> xe ? 


Cl*2»36) 


irtioro F If « eaiirox »•% ia 1 « a«4 if mmvmity ooaotralAfd tgy 

mpmifiM oonatrsiat fui»oli()iui» oi^ t smS ts »m m»'pmtim% 3 r 
&t (m QK) m& 01 (or Of)* ooi f > 0* $ >0 ovor mmtmint mt F» 

(if It lit moo acMMM»ipi(%i'y'ii|r roftriotiim m t i» mt 

nfoioottxir)* vimmi lioib. f fiti $ mm ISimm t9Mo oaly $ tHiiBei 
otxioliljr owr f* mA if tbrn otH F ol«i lm o ooomac 

sfty tten tilt 9 r«liiii« (1*2*36) Sm odLiti Diiioitr f^ootionni I'tiM’Ucml 
(&*f*F*f«) 

frwtiffiMl iwetlOBoi iMiIoni (iMiyi Xiooor imi 

Bou-0.i£«or) iMiof lo «. wmeitAy of footiiet* Qm miAt pmhXm mvM 
mem [til] * in oo ittiuwihQr > itwoieiiag witaotinao of Mniniiii^yii 
rotoms* owfiMit votiiinii* moA imxmmiim mtmm «fo 4m»mimA 
ty oloftiftifiF of toiMil.» or Wm mttm of nofsina^ ooof to ofotoip ooit* 
iiwmor pmMjm 0044i otioo in Xenmtevy OootrOl oimI Xroiiiotlw aioo* 

IiJ**!.?* io ofl«iffJiw«NI to Iw llui mimUmt i^woftio OHM of 
tmmtXmuSL fwoldUMMi imiprowi^ ofOiofet nislolo of « iiolto itmeMm 
tmhiat^m for ito oOlntioii* Soft pri^ono oriot^y In tto oioMntKtIon 
of fir* opir oeonr *»i* peosOon [it#i »i] etmm m» ek$mtxm 



$41 ti litit nmvam «£iS mitMiiM itiS 

npeiif In Wm emt«xt &$ « Itetxteff ptmmm fo»ulaiioa * 


2imlsikmm%iJsA aoioi. 

for l*«f i« 



Itaiiiiai 



Ct.2*9f-«) 

•ua j«e$ to 

■£ a.,, ^ 

(.C ^ 



d=' 

30^ o 

CA = ». 

(1.2J7-*) 

Xei atolox' Mtatioo 

ft )BMor iMi mrlttm m 



iaiaMiM »*>«■»**- 

'7 C X 


(1.».37-«5 


^ X + ^ 



subj'oet to 

A X 4 0 

X t> 


CU2«57<4|) 


liMwt cL m$ p art m im 


Iki 195$ ItML oni 3liirl««r ^14} 4wiMil»li«luNi « 
i-Urmtiw ppcMSNiwM MLiik rmriXscins. Ito mttio kyr 

of o]p«l4ilji$nf « «»qiuwB«t of iifftxwt UiMar 
fb* Siomlrialor 1» Cl«2«37««) iioi viUKtiib* 

B«Ik iarlmi [149«15Q] ia 1l$9 $a li$« pm«t 
fs«^S3pc:^ 4at5** «iiiuilA«MNl fte iiolMWoitioa fw 

wiHtiis tik» •• |f $9 ] • ««•»• fsm 

tlMi fMTt tmit iStm ff««ii «f tlk* \ - — - ^ la *ia 

cLo^ ■+• (S 

ftea t» • h v|i«r!x»ln. ifm%m w&lim Wm fxmm 

Cl •§•9?) atm Wm naif af aiii^ptlni teotaiftai* Hm pitfMP 

t» trnm^ mmmmm ia »w ••■••* {$) aiajpilt <Jim® aa4 (a) a«a«3Pai 
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SliriB (BjliKi tli» Ijypefisulio ivs'C!,jj?«33i4e^ If ff «li»|»l# mm if 

it Miliffitif tlift ffUaiiijtit; tfo ftcfailtioaf > 

Ci) %it s«t of fftiislblti Igf if s teiaadeS 

if a f€H3Er«x p(»2.^f4r«l ««%• 

(il) %t Di tl^t 0«f*. i« m% mm m mast iwi»t <01 tlat 

oofftmuft f* 

f it iMif fMKivfi Iftftt Idw ajesadLsa'Jss wf Warn ptmblm nfili 

feotiv fit liif ffrtfx of M* tSboii ftitaoloi tk* prehlm ky «Miii^. oi9ipl.«K 

|.>roooS’jg‘<£» frm n Ji«F«3. aoA 4*aeivm» tltoti IImi io«Mi sMiiiuHi »o 

if iifiML oioo* mm&itimm far opW^kH^t 

to !>•?«? «?« ojfo fftafelifbi^* 

U'MS^fiAL OiStf 101 emm wkm th* owiltionf fcor tkw tOmpM omo 

ffo i^fimt tlM) protiisa iMiar kmm m optiiail solution ovfoi tte#i ftm 
mt f Mtsr to iia te ou »4 oo or tito d«i&oM.»otor OoocMute mra mar mm 
pai»t» ot F« Korot ka em^iderat 
(i) tlio *1:004 jwiiot* of tbt ant f$ mmxa 
oitfcor dL'xi-^ > 6 

0* dL'x + ^ -0 

Cii) lato *l»oi point* of tlui oot f « akmm 

«it4or d' X + ^ <. o I , 

' cujl C X-¥ot > o 

wl- cl/ X i- f ^ ° 

Clii) tt» *»iiii|iiior foiat* of tlio oot ?t ^uSmm 

^ ^ z=.0 j C'X-+o6=o 

Xt iMo oXott iMioK roaoxtetf timt Wm doisooioiojr pwtXiMi flcialxii 
ill tto fMHWfo of fegrpoartorttio satmXm mm to »«Xfo4 iftli 

tUf ot4 of wmmU aolM 4UNKi«t.)»o4 if (Slomio [4T3 





In mil ^1511 i« 1t65i »tn»e-| pm»r of iriyiieoot 

mtxtox mtSAQABt** Ifela Hsii to li« 

Qli m % &$ oiiioli it Itet for & £••?«? tP.t ftiiia Hat 

«oii»lraitit aot 1« « eiHIMi ’foV/mUtaX mtt tti 

mMMmm Kill oeoio* m% « r&r^m of emt£«ti&t ««t ani 1mA 
mKiimm im m glotal aaicljuin* 

Ctefiss moA <Smp»t [_45] » ia 1962 iat •ttsal* fopar# "^ri\,: 3 »ialn 6 
ttitb llaaar fraetieoi^ ftaaetiocMli*' lav* zvplftcM « mi-Vh 

«ti aioat tM» oriliiaiy mA»v tha anamputlw tisiat tlia iMt iKt 

fOMlila aalutiimi t« Wll^ «lw ImA# iC tlia tr&mi&m&tlom 

f m tip whlah mm hmmomrplAmm Mm i»imm iSmt r’TsV&exr, (1*3*37) 
eaa Iw aolviti hy aolviBf vm of ttai lm Xi«F*P«*e 

ittidbals* -'* 

jaijtjttft to 

- b>b ^ o 

dC^ - \ 

b. 1 ° 




iliXiSiM — -C>/ — 

miijaat to 

l\^ - Vt ^ o 
f»fc = I 
t,N/ >0 


Ci«f* 3 a- 4 i) 


■SgmUmA Hi* •l#i tf OiiiMKlttotor ot lAm &^imA mAnMm to 





Mm ^mhlm to t&m 4iftoiwit 

««tt$oriit9 mw mMaf* 

(l) ftm fitopmi hm m ftoito itt « f&Eilt# |M»to$» 

(a) f3a» t»» an toftoitt potot* 

C3) im.M » ftoito mjcljana At m, iiMiNftoitt #atot« 

Ct) in SAftoit# mmimm at a ii»«<<£toilMi ^^atot* 

Fnrtteewrt Mm \j&7l iiwi tgmm itet Kiim^finkwr iif 

mim o^ffiolent far to* i»3dUita»« 
ef tiitt aptlmtl. •olntion aiiA iw iun a e.;ic»«»sli«ftti4:rk of 

SnatoCt f«v &•?* to olPt^ixto tHa ictlixitoe of •F* 

IEiikil.lMM9& \it'\ i to tst$2t ^vo toe otlafiM oC vF* Igr 
adOlf^toi; toe utof^ox netooift* 8o slm imt IMtootelli too 
{Hgwaibii.itjr «^f oFj^toati 'm of toio % 9 * of peoOliwi to toe ttoorgr' 
of isneo «ito iaitt«4lonur jpasr-o^f fmtetltoe* 

Gltonre a»i Mmtof \«i] to ISiS ItHtrcrrisad Umi iiOft 
tolwntito tonetAeoe tom emtamxm* mmm ore oot for fl,^ iiiMEttot. 
tot netoor for » tmam naotiBto* fin mtocNt of toltoioii of rotienril 
0»f • oito Ittoeur eooetratot»i ecn^3ldez'@4 lif too ouKtoetot to Jwt 

to toot of ieto tortoo aoemp ^Itt] iMi itoo^oeoiNi 

■ftlalgr turoo ooinoto* to toe ftovt port of ton punr to too OiMooeoi 
• oiMiiMtootoianl teotaifin for oelrto# too li*f Jr>t« ton too'mi^'jii to 
otoHoir to toni of BMitoi \tol * toooni fiart ooototooc oortton 
ftoiilooo OBi eoaowtt tootoetonettoo of *f# oto ito to*^toliiKl 
Uarnat mmemaim totolen Cl«a«3»)» ftoto foto of tlio mm to tototof 
to ftoitoc m tULmeiim too ooi-tUii totoHh in otoUnr to 

mat, otoilnB dt^nritoo for twmmusmt mMimm of llio tootoltto 
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tet m to !'•?«, wM«ds in 

ttiiiiiar to Hnat ^ « sn ^ir«o« £» wotimr pspir {J30J 

iMti 3«isa?wi> i»«® solufot Ii*l?*¥*?*f* «r4»r th« mmmiMm 

Itet of tiio ©.If* in otrietlj ’posltifo of Hi® ««% of foa,is4?ilo 

•oiotioM woiJMO to IM If tio «i%moli uWm 

1 ^ [l<^l to w4.ir« m. Si.f.F# lo omu, uotnor ^oi>tr IlflJ » ^ 

2iwi ttio li*? •? •?« « pto^twilBiE prol3,wi «itis qwm&mtim 

tiMtioati fwtol^oiiitl,»t to vditolii toi et^iMrttoo fiwotioii it Itoi mtto 
of too quaulxwtto fuootico* tmA t)i« o«n»tmtott o«o XtoiMur* f&VLmnxig 
iStmamm mA Ooopir [49] eaGoo’ll;^ t fitoti loui «»pl.«e«4 tiMi prcitoii 

If atooot too TjTOiix&^msi£iQ oltoi <|iie4rott« itojootito fteticisii 

tif ftoot #o(to ottois' If OH©f' o otooi^ to tA^ik§ ttoi ooootvfitotii 
tofiii; llftowr ini on* finixmtto onaotvotot* %to fnutomttt 
to into vi tiMi two proHmat iiffor frm oneli ottonr to oijft* too 
ilfftoultf to tlii tooiioo #toit wllii If tett t to tout 

ffon too xoitooi potoltono to [ill] » too o^mivoiont Itonor 
ffoUono of [45] § ooOli not lo tototoot iMi M piiNdL0iyi^Mt 

8*0* liMt [111] imittoii otMli to pmmmtTl^ Ximm 

If tooatii^ too ooiiii of oho of too Itoonr fora* to too 
0«f • m o iwnmotov* Omiittono for too oxtmn or* ioHiroi* 
i* [tW] iovo^toot mm romitoc emiammim ton 

iM toonn ftootootol nit punnntiio pt&gjemmAm* tooitog to 
foesiillittos imt fitful**!* fin fO*ita.to l opninti w n iwfo tom tortonir 

If 

l«in*to«Ht*i If WtotoHonlc [^ ] for oon^^tooer tmmftimml ftooMotolo 
•nft it to toom m to Imr tot lOgaritoii to oflO^vo ootli m iwOllin mm lo 




to ttw mtha& of imt teiaw \_f14] aai tli® 

mpprmeik fegr Aittor \15@3 • 
teti ^ 125 ] ooosMcroA tte p»9tle« 

ltaS2Ki«« Z. — ^ ^ -1 ^ — Cl*2*59<««*) 

JC X + ^ 

•lllljoot to 


1c Cx) 




* ^VW 

-=11^2.^ 


(t.S.53-b) 


oil tito tvimtim* m* G&sim'Zf mil «».ii4iPllliiioi oiKrafloox^ moA 
msffiol^ ooeAlfloaot oljtilor to l^lm<«4ueteti!' iifforwutiol o»<3l 
lta»ii# (l*2*1f)» for tte woKljoio* foviKOoxnMio^ 

[flO] t ^ o€&ol4erOil ottoo oofooto of 4italiti|' of (l•2•5i)* 
h^j^vmtX t iOKiMnOlA to# *t« to ’’Standard Srror 

ItootiiMuid. Fmotloiiolo It ogt o B W^of** IBto oolitonotloitl fmotilat&oo 
of toidi o pei^loiK i« 


/ / ' V ^ 

7 - C X -(XHX) -HOC 

d'x + f. 


{t*2*4€Hi) 


•liigioot to 

f\ \ ^ I 

X ^ O 


Ct«2«40<«) 


ifc.i Hgiii M Sn nn ffi# - nMt 

tot! oiii foUortii# ciiw»MNi ooi Coc^r .(4S;] t ox^tlf« Imo 

INNiMHMl Cf«3«40) to 

, ^2, 

M-U 40 
d ^ ^ ~ I 
b^Y ^ ® 
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% 

imm.m Ct^N) = -c'^i + 

mAims^ tm 

Ay ~ tk 40 

-d'y- = I 

b,y 0 


wSutiiA mg* tf Hi* £«m 4 l 4 Kiw«ii 4 . dgr tieAaa. [tiS] • 

Iwli smamp wut |_ 134 ] d«^«l.«t|ii»iS a 

faetmitwi m tlMi limin of I'm i® Bane® [ 177 ] t<Mr a Ii**;*}''* 

mli4m% to om m& « awaior l^iMisr *m*gamSM»m fim 

pm^m %» to too jpamw®* ' Ite^ias I to «®aa«»MMl wito W» 

OMEtotoattm of mib^aetod t® littaar' ®®a«sxNitota mi Bmm II 

itoil.8 litli pmmsitrlgi ■wTatt& mt fiautetto 

[,i] iSmeSkm «ito tto laolAiRi of iftmtolmtl m Clooalljf) 
«f a atMHitol funeMoB wito lljoar «oml»atoto» Itoi 

iNNiiii.m to 




<P(X) = 


Cc'x)^ 

d'x -f f 




•mimt to n 

AX ^ <0 1 

X ^ « 1 Ci***ii*#) 

iImm £*& Iji suMiiiA Hm tit in iiii cLX'f/^'^o 

mmr to® maatoatot mi* i toitetom atoSIm to *tto|toK llmotoi** 

iPPPUpF nnnir to ^WitoiPtoir|ipniPtoP 'WtoF "IP J'tol' W^PPPiWPto "f*toi 'W" ipppjihiilJItotoiMP^tonOfitoP -W toftoW pr w ^ 

Si lawtoiwr jMtov [l'\ # omtoimal to® atototoat^ton at' tot 

ftofftlmit ^ H C Xi~ ^ ®iii|«iit to It — imp maitoalato* 
d' X -t- f 



Wm il in wm wmSi, ^mtrio 

|ffls3vfelif«-^ial 4tfl£ilt« iMiixist taS cCx + ^ >o mmt Wm ml &f 

tmtibl* tiAuUma, 0.f . t© «csi. 

«J«iSlA \m$ fi ] t a*wlof«a til* uteplt* 

m%im Iifi4 mv&&4 f«r m Ii,F'^*F.P. m rntmrnr 

i»ei»r [99 1 f ii» m api'j»5tlt»t loa teiteifiiKt *l*4l.)ir t» 

of mmmm «« loidni [4f ] , for obtainii^^ mo soas^tm of « 
tiSMKml BM«4io««r fraetloaiA fwairtieoia. progniHi* mm%t» [_3S1 
govolopea « olJiiaiQr to of Footiitat 

tisoetioo®* [184* 185] * for iiteti4olsg tho glolNaa optSanm of 
I •! *t*f* of tOtt tjtfn Cl«3*38)i to iteioi* tto oon^^trotot nrl t to 

ootmoi to h* ttoootxotoit fey oftiwoitttotoly aiotitotoi «». tonottooo 
«M«}| 1i«3.<90i to 

»St«8 l®EI»4ia8A« iS#»AI»W;l» »OS»j|lfllSt ) $ 

Ifi f IHI jtro prol8>iNi 

oum. {<|?(X) i xe p ] 

if 16m ivm%im to • nm (Wf) fOaotioo* it totot mmmS. ttot 
fcs to 0 eawox oot* ttoo «o oor tiiot Hi* otowi oiotloo to'Hiot of 
Sif M* (ff ?•!»*)• |«wt of SiCf' fwiiottoo* i* toteotoooA rno^ to ttoi 
tutoto liMi tot iAm of i€f ftottiimo *«• totroiootoi moQT 
to 1985 tr itofo i o r lio i [l48] * otin ttoto oi^tettttoiio to 
ftolio of toltoMottool fmmimmaim 8 itottiitr %t08r iotoototoi 
ff y*f • Hilo* voff' fm fopHTo to* lOKftito^ oo for* itof to 
itolMo too iMHMi if Itowtoto \l8i»3 § tofto iito tootor [!•} * 
loiito [tii] t toot^ ] 4 In too m— o it tuoiio m 
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i» 5fr.-v>:.loi;p©.i to oolini « «lf JP.F# (ff f#?*)* 

‘.iiSB'ii,:!!? A lOfoiiiojB iit«lf@!4 m 

Q»UM.m ^ 9 (^x) *> X t P ^ 

lo ooM to lit tMt of M If tlao 0«if* cp Ho BQfy It tiotog 

tbwt fas io 11 &mv*x ooft If ototMoi^ of 

xootrlotoi ftKittlOtto* lo tSi9t Ma lliirtoo Plft} latroio»»i 

tlw Botloo of iQy fooot&OHnt liMi eo 0 eoi>t of ORplIoit 
oeoordle^' Iw Siilo llirloo [iff] to totoiiioAlJito 
ini otfiBt tiuMl<«ooit»igiriigr» ta tit* looiMiol lyNnlo • tm iimpmWitm 
of M0 oof 3Sqi fwotloaof vllti oPMiiol ««f«£«o«* to mii 0mm UmSk 
Imr* Imkhi le p^pov mi llqpi.i«lt 

!<:«««*) Brai»M«4oi to lumi m fm omoiii Usot '«* 

oott im%*Jtim Wm ptyoi* of jvtow mi P# ] t ixwwr iiaxwiiss mi 

iAnw* [f} «nl lovmo ftil*] oim ilmunnoi «Mzt*l» ^mtl^natledl 

SOX fmotimo)* 

fin f lr«t tn» puniro vm wlmueilf oiMnomoi olti Hn 
of tm tmlo lltocnfoon ml tin tiitti on* irnlo mo 

«xt(Mol 0 i:t of ftooMB*# fvoftlmt pxojootii^ oolMI to foommiiiioooo 
ntxloliolim* mtlootti t tontM \pl\ * Bofit lif ) mi sin* [.^3 
•loo iHMNi lirniotifomMl timiflOfOKt mnoMitoto if iSt mi Cm) fmotJUno 
oillMMii infoooooo to infmootloiil. ptoipTmnii^ pmoiom* So Hn posonl 
tOoolo m ilniMriofiiiitf tOo moOloon of mi lf«lM«f *V« ont 

mn tario of iwmioMui ooimiicicoi if moffootii C^i3 » mmi «i loaoi owi 
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&t fMMitiim* imelm 4 in 0«l'* 

«e thwi mt$ m 


iwii.i'ti' M l 4 ii< 44 iiii«ir liw I>t 4 tt »imf$ Imc; af 

lAlNiinist* <1x1 mm mt hm liew »il« te 

m& It £» will tnom tet tlMi inil^ltsr 

m «anNRK pm^mssla^f tsmcmt 

«XMi of tb« ‘mirnel pmWkm If ^ 

iXMtIfmlo to folloii) %» » om^s^'-.r^idsim^ aosdisfmtlwt pr€),iilm C wr 
idBlHlaotloo} prol^Mft tmH Ite oHmiw tl^« ioil (to to 

If Cl^) iii tiHi to foULw^it i» o 

ttittliiliiatfoo Cor mm$Mm%im} pmhlm lot muM « naf ttiit i&m o^Iiitoimi 

of II WOlutlAII to OKM t€ tllOOO pxtiblooo OMWiO O OOltstlOjl tO ttlO OlteV 

«ai tifti oatiNNMi of taw too prot^im mm m%mA* 

folio IjMIl] • £imm Ifai fmSXmtim Hio ta»Iattai.i 


to IlMi (ff) 

fo ^ Ixl 

ooojoot to 

g- (.x)> 0 '^= 1 ^ 2 -, ^ 

Ol&OlOf Hmhi tlw ooliictioo to Umi (if) 

t 

pimpiv iPf 

v,cpo<:)= s '^i.v,3i,cx) 

O 

^ a i -s. \^x.^ — / -vw. 



Cl*i^» 45 ) 
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feKiasIs m4 'Hbni Iw# mtmm met «f «&#» cp i« n fawetioa 

1 1 
3» § Mi «ll, €. i Mi Kini Qlf 

SaissM [lOS] ae^r 0.4itafc*l« wi«i#’liiSii«|, 

stellar t® of tftifa Mi e$mv«r8® 

©f psobl«&®« 

(f?) iiKteiii© 9Cx) 
a»ii4««t t# 

X o 

Cw^) iMteiftfi f Cx,v) q>(x) -xV^9CX)-V(jJC^)-X';7^‘JC'>^)] I 

ft 

"^xV'<|Cx)-Vx9Cx)^o; V^o 

llMB© iC^) 1* Ml of It f i» Ml 

f / 

flHillllteiOB«l ^^x^CX) “(^ 

f 

io Ml iiMr«olw«r» XSJ^im m wmAMt tfpmmtm* 

Kwtl §mKm$ [lit] t 'tlw ^VsM9w«m$ 

*■ If Hm ml*Mm to Wm (ft) 

Mteteteo Cp (^X) 
iiili|«it 1© 

^oC5<) >° 

Oc^ ^ 6 

oadKto HHii Hii mlvMm to Hw (l^) 






Cl*2.4t) 





u 


*vvv 



ticittB anil HbM tm oatmrrn mm mqw&t <p wi sUX tm a» in 

»«ue« « 

ilw^isaagl^ (j473 t tt)«x4 (tOf] t mt 

030] 

<iiaiit3r •ataJbiiiliai tmltm |JUI1] « iteti SKar4|t^dxt«iti^iA 

fliaarni o£ Vkm&umrim 7] mi Ite 6mmtm imXil^ 
af itexn 'IPs mm mrnm in «l^i«ii tip faaetlae igi fji*?*?* mi 

mm mmmtmrnt twm'timm mm am-mx Ite tlwi .piNiiiiiit wmric* 

tip aanipipi Aualiljr iPanaNm ia ptomi ll»r ir«r&ti:»f «F« iwiA 
pmiXmmn niiupli «r» mam s^aardl i»iiM.4ii»i tb«s acv.&'MswS If' mmlm #f 
[l4f,ic^,15aj * 


■»e$i0N «• Its 


or fm tns^ift v« mm gim micp % mmf d««oiripiiitt ^ tut ' 
•MOlMiitlkB m€ tfem vitiHiaim stPa^friMir* mt iMm Wmmm m ^ yal«flwii 

JUtMCWlMII* 

'rnmmmw mm ftnrt tMildSiii m pgaVLmm^ Wmm mm «t«lp|jft 

fmaimmimix far Ham mi tta aolv^ticm* tfep 

mlqmamm «f Hw aiiliiEljUMi ata* HiMi «wr £11 idlliii 

UNI av» ta xaiAjr afrtsla <qiapati«cia tC fMiaaailal aattita Itattva aa 
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inwtlw# to t® <ACTw1w|; ft sor^., lst:3.tiOJ';L4 

to m1.v« mm l^mm ^mwUmm loOt 

of tte %pii 

Ci) %• to 1ti« ptil»I.M 

Cit} If fftB optioal flHA'titifto itelX wt obtsl^ 0.oMk 

oi^tUnii willt tiMi liftip of Hm 4mml9p»i • 

Cut) mo 0MeX o^ttiMif If it l« it tmliiiiHi* 

Civ) ii»i«iot» of tkio pmM.mk* 

II mm&m umiii. for Hit ptM-m 

of iii&«S«f «V«f fttestiw Cioptov III ioiAt tlM» pvobloft of 
tmmUmMil Htltii mm mem i^totml tisiMi mmrnm 

Do ISitiypliMP Ilf Hit lollotifti ff«lii«£»,r»?*F« it 

liioilaiiio C«r UMoiot) <pCx) = ^Cx) ^00 tm >:€;?. Cf«5*l) 

(i) Umi oot f c. 8 to ft tlofsti mmmm oott mA If mmAmAt 

o ooa ii ti to to o«'4fttrototi tgr t of fuiotimot §ima tf 

1c Cx) ^ O C •=: \ ^ ^ Ttw iuya} 

ooHi i;|^f Oir^etiMNI to to o««r 8 oiiiii INit Hi* i«l 

P= i ?iW feo . (i.».s) 

it • OOOVtSK OOt* 

Cti) f «nl i iKfo @f immUmm m m mmmx tot i i» tM oto 
•trtoliir pioiMv* mmt It* oot mi fooottl* lO^iiliiMto ?t oaHl HMI Hm* 
fowtioii CJ^ to se*tHt*» tmtOK isar tasmxmm 



U4t) tile i-WiSrj-j® liat ®. fiaits at m finite jjoiat 6f '■ • 

ffe® ea«i4;«r is 4i»JUi«4 iisto ©ectlcmi. X .iaalg 

«itto ita# ejittutysioia ©t tl» **8.*lta Cl*- •If) throwgli 
f oy S •J?*,? • C *1 ) i •© * 

1* M¥«»ry ieciftX :MAiau.. of <p over I* is glottal .*i£XlffiR«i* 

2* Xltcr »«t of p>aiat» in ’-'t at ■^Uleh <p tate.^ on it© 
iwxiMitt ia i. mt9 

3* If tli» Qm'i • titlcea <m it© gleltai alnimutt. in tto interior 
©f %m net if Wm& tbe ©tjeetive tmotlan ie nmmtmit tfiv-.-.^'y/xrxZ 'Bm 
4* If tlMi ftloltiii ©£ <p over to te t)oon<'la4« b« 

fiattMy ttum it iM Wmu. uix at om or aoft of t&e ertreoe ^olnte of tlm 
net ?• 

In BmtiM XI f tHe Slute-'XuoMr eacieteme lii«©refli la mnreg for 
psoj-^rMi Cl*3*t) mhtsm 0«r* ia aeitlMir CtX nw dV »tei B la 
by (l*3*3)f fia* "If X^€ F, l»e i#ig;iiantl»U|r «pilifie4 for ttow n/at*?M (t* 
mtA if ail tfcw £«etio«wi t^l €. c' at f^t ilie®* ^ 

aeeeewBacy «nl siAfficltiat eoi’idlttoaa tiiat be an oisttoal w^utim to 
tlw iarograii {l*j.*l) are tiaat tiaore esciat m tealara 
aiM^ ttmt 

o 

t 

^ a‘ lCx.)='’ 
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f icto'ter irtatt# flmt if .paiii'l 

^ tf f<tHMMiw aMfr '«• ©f ItMi ,;3iro^wPti#« ae ft ftifttieffiftiigr 

ft iftftfti fttMli « # 0 MI W 3 ciMs« it tist otter 

1te» ftiftO^ i* 

Sft«ti« III it 4inr«tft4 t© IlMi ^isetitoisaa «f eftrtftia fttpect® of 
Auaillt^ «f p3peM<wi 'Stft iiftl» rtault frwrtd It Ite eumr» 

iuftlitjr 1itftoir«i r/i-iilar to-itett of ItoiftMilaii [fit 3 t ^109^ • 

liftfttlf la IVt ft tm |Nirtlt'a|.«r t-awit «N&!Uiri4trtA lSa» 

Wilter t«Ml fttttr mm-mB&i mwimvt tevt teta 

@te|it«r 112 it AwotwA to ttft fOiloiFlfiA fx«etlOi«i 
|irpgrt»lft^ prOtlam 


Optteiiit (:akKii:4‘« m Mjxkaim} <^0^)-= 


Kx) 

tw 


far X€p. Cl *5*4) 


ffeM otMiiiter ift Airitoi into firt ttotiwust* s««tloft» I 112 

OOfttulii tot 8*l.*f*y*?*f. 


QpltiM,m <p Cx) 


jW_ 

ac’') 


far X €. ? 


Cl«9»9ft} 


ilMra 


Ci) . V C i i» ft te»Niaii% iAinmmI oauwx atf onS if tiHnwiA 

to Oi otfttiraAiMNl Igr t tjwttft tf f iMtti,aBii f ifoo If 

3cCX)4o t €M = Cl#?#S%) 

ft«®«Mt4 to It €, ipytii tOftt 

mui if#4| 


^ > gi, CX) 4 0 ^ e H i X £ 5 


Cf4«9«> 


la ft mmm. tot* 



Cii) f is eiM «omr«* g i» strictljr iKs®ltiv« mA 

mmx Ut (if §, b»« limmt mi 

f ena. fe^i is!d'lt«a)* 

(iil) fUt ptQijmm hmm m at a of P* 

£o SoettMia £ w»A II tb» follorlag yoM^ts of 

tmSmmttl, iii|>0£li«iie« or* 

t* Bvoxsr local aixiicoia of cp omar f i» m #ol>ikl aloo* 

2« Ibt sot of tlioaMi points Is at wlido& cp talcos oa its globsl 
io s oouarex mui* 

5« If tlio 0*f • cp iMsi m pt^t of apLotsI MMiwsi l» ths lotofior of 
’(Aw mti ft ttioB tlw 0«F * <p is eosstSKl ortar f • 

4« funetioGL cp ‘tslnrs oa its iplotaal ittadlskin at mo or wars of tb» 

oacinrsaio fwiats of lAit svt f • 

§• If f (l «$•$•) to s jtoiat wMcto Is i|tie^ifi»4 

Smr tyf) sfstsst (1*3 •Pi) sb 4 If oil tto f^nctlcsoB f«g snft g|» i €. Ht e 0^ 
St X^r tiaon ttto amoomxy mA soffielttat smiltisiui for tas oacistoses «f 
s iolstiiiksi to Wm ivoipmi gitott^ fegp (% »3»^) mm ttet tUsro sniot a soaXsxs 
% SSOki tlMt 

C=\ 

*wv 

al c*.-) ^ ° 

b^\ 

CXo) 4 ^ € M , 

c € M 

i* JMx .foiffil In f» IhstlSA mm «t 'tits tarso preportios of tsicai a 
artsMoiSJcf . folat* a Xwisl soiia^oaf ar s ooliitlm oC ttw pmgxm 

f!«3l«!l),a&so IM tiM «tli«r two vmpm^Mm*- 
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III %m toM of of 

Cl*3«S)# ttMi .a^iiit imi'olt «»'|iiiliil>iieiMiil is ttw Qmmrm .!D‘«iil% 

®f ^iipwitrlstfi {^t 4 ?l itM tImxA .[109 1 • gmmtAimi mmm 

0f 5 .?«£■• Smtim If witb tlit 

•? stfttst m 

X^)Q 

cp(X)= X€p^ Ct*5.6) 

it) fim m IP t» m 4tiiimd i» Ct»5«Se)« 

Cii) f is iMMQ^stiini aiai CcHMStrs cnrst 3» g is sirieii^ IKtsitiirs 
s»di wmmt* &w$r s* CHI' Iw linswrt ’V»m tlis sortiitioa dt ttcEtHM^iivilyr 
sn f mm Nt sniilMHl*) 

Ciii) Wm Sss m flMfs s^tteiw. mt » fiMMm petSuatt sf ?* 

Xft ilSiC SNMBtiWt Ite SMwiis Mslsipiis t# sssMits ♦slsll.tiiisi im I 

\ 

ItoriWiib 111 sf 'IMjs siiaflsi'f lutvs Imhw stsisi (wiltes* pm&t) tm liis 
slsts pMM^m 

tn fsstisii f m «» ecnesimd siili tiis iisssssiiai' <at 
mmtXimmi. Iqt teti Wmmm> * 

asA li»«f It hm ts«a rnmm Itet Hhmni San 

Ini Issiitsi m |NnHlisstl«ir ttisiM sf tts Mr« ssswal fVOblsiiiMt 
1» tlMi pmwimm mtMmm si HHs sii«|tsir« fwssttMsi^ ts# mmf 

pcspestiss sf visi Ci) Mmapp t» 

m ^mA pitmmm «i»i Cii) • AAA mwAmm &ii« m m mmmm i^slist A 
19m sisssi. ssutsai jA^AiAtA astf ''liila^ t««r a ^rs«t AA A 
vmmAhiJAl^ 'Wm Hw 4Nif»lspiNiiit of « *3is^Is»44tas* tiMM tmmUm 
ftr siMiitag Am AAml sftiwni A foU&is os 



liiMi fwiar© gmay^al S 

omsS4©jr»d w*wimm Mflmi* 

If a#©lt iril^ tkm mttwe nf tiffttanwl eC 

ffMeiJ «««ar fivasus-ntl;;' m mi Svmtlmw te 

S>«g.ir««d4is Tm m iro&liswi, 

©C lSt» &«?«« ©a tiN» swt» la gl’SiMl tulaat tlMi 

fista<>$siak«X' 4lff©r®a‘£iEl eoiBdltioKiiit me nmmmmxy' tm Urn 

«Ni aii^t «lta#iir tlit ^alitiiil ©ptlMaa Ufa «t mi 

ear lart it '^t axtiaWMi af tita atmatralat mit$ impmatA miy meii m. 

^ aatujra ttf fb* Q»9m mM tib* aarlaamiif* lltorafeirs m 

tdatamtleal ae •mUl m wt Xiiamm mad msmm 

tm eXmai^ laii iw^at aC Umi |lR««'l&iaS. 

|) 3 M)lilaii» M 4it:Smem% flal^B amilS curt b# lur aialbaaiktlael. 

mdatm adt llMMf m cimyaa i^r->gi^isa'‘'4££« aftilab «x« 

eu>ioit« III* »a«l« of aoa-me «%mrt^i nmlria^ ottwHaa 

baoo'oo* mm meiimtaacii ameii pm%tm.9 In iiiNi»t» ItoltNi* fim iMa 'etmFtar 
1* MvMai Inlo five oogtlooa* MMrii>», imlkw «ilb llii AiMmaeim 

of imrtola s>za«,trtiaa of bQl iB0) tmmtimm olMat oftlalaoi wm» » 
ma^t^ oloaoi 9mmm§ If aacoooax:^ ataoMNI !• oowkiMI oIm* Umi anuMiilNi# 

of amems. am «ailHHii«ft to ®%i:;lloit 

pN^prooMbag* Xk onotioa Ilf Ilia eooeaflw of SttRing 
'^ui&^mmas. fonotlamif toOliir ^maax'-Mim (ooxii) fanotlMo 

wmaMkf ttpoc C^'SXOXXi) fwoMiwi ini Qi«oad*«£!M^ 

fvmtimm 1mm Imoii telM^aiMNi mad i^ir mta^dma emm 
ant oilti oUmkt «oi»««»<i4UJm fooeliaoa am aatabllci^ft* fao iati iii i i> i . ii . 
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aWX mi im«4 ittMi miiKri^iUas to iNi^ mm»x tw othor 

Camtljf 4 »timA fitottiae) m fto oof* Ite olnw «f im 

^tmiM Hkm oIsmss of Ktt ftmottwo siiiii 0£ fmtsoiio* fim 
WBtiiM fooulto pmUNt mm m tolXmmt 

Co) If o fwoiltoo <p i« 01 flw « Kmmm m% S» Hm q> io m 
l»»t m% eoo'voriHiXjr* 

Ci) If <p Iji WK m. if <p im MM. m tiut ool ottwtfsoljr* 

Co) If cp to nm ott oot 0 os®f MO tt i» CfsBcit) m o, tot 

not iNMOfoxmilir* 

Ca) If <P to iWMMXt} oat 00 9 I# fOI oo 00 tiH ftot 

Co) £t ti»i eQitmi% got S c: 0f tiioo m (tilCXIi) fwotloo «& G to o S2'€I 

fooitioft OB 8 anA « fimottiK to m 01 fOMtim oo 8* 

FiirttotMtfOt m oitwramto pKOof too tkio ftopaorty-'fltiit mmy Imwl 

alBlMil of- « MM fOROtiOBi aOMO OptlMOOi OB « tallWKX ootf to 

«l.oii» to fHo «MlB foati^ro of ite pMf peotMiHl lioxo It «t«% 

it ioiio BOt otiilao Coo uowt OiF [ti03 Wm proptr^f VmM % 

MM fOMt&OBi on O OOntOII OOtf i» OltO* So iStOtiOB IXlf B OFitiOi^llO 

•iitlf of liNf aotupi off pzHi»d-;;iOt tmA footMt of foyetlc^) 

X«0iOliOi lOWOOO of «Oain»<4.ilO fOMOtiOBO oof composlt of CtMVOK- 

lilm fMmtiOMMif io iMliO.CWlolB Moxms Of lOBP ^413 • OOf liTiO OMI 
liilaA CA*3 pooof to ooatoart vim eorareo oof fi«wti«iOiHi» «to 

fixpmi, oitti mlmnmt aoftlftootiiMttt 1». ^mMwam wm smSg mz em sm 
fmati&m* UNO of' Hit iwfii oomilt 9mm& it liitii • 4^* litl.oii» to 

oiaoo of SliK CtW) ftiwtiiliiii ttoOiO iWf otoolo f«» m Mi^mm 
.^oAo-Ooooovo WmmUm, M MJfmVm to lompoA to 00 tt itfoog looofo* 
ifMotooio CsM) teotloo'* Jo iiOFtiiii Iff omrioio i«F«s*.*o Iwro Innhi 


£0 


m EKplifttl C®«c«»«) ftwgswsiitog, 

I^s»aao^<M(y0« (c«ai*#fe) Bw^jwwto^* Btxsw/^ S*®wi0-C«Bir** 
f3roixwMlit®;«ti« Jai£Mi Mmiat Wrmnma fym%tma 
m StuaiBg ^igr^asaija^. Switloii f «#®1» 

«f mm mi^mmn»«3k pr«i»l«w» wili» 

fnMticmiil. tmstH.mm M "mm m ®«wi* pw^giem^iii sambltim* 

mA mm «f Him msrnx (mmm&im mMmmsimm of mo w 

'flia.t it I Nw i iMMiMi. to ulMiraistorUOf pvmmt of too «ti*iotlr3r 

positive eonoiifftt fiir«tiaii«, aod» tbm »fctio of ^o pfo«i»l of a !«»• 
wi«ft«iv« ««»««*•' foootioe «bmi « sferietlif pooitiw nmmm to 

too mmm of « otriotl^r ^-ooitive pmmm fmmlAmmt «s KQf mm «i 
out of too far 4 eii«« ^ Mst SKff fttietiooo mm oli tl» fiwttiiiiMi 
€ e^, wm swot i:spwtaot jwswlt -Of Iteto ■•iotifltt to l^t Itiio *»tio Of 

USm of • iioo«oiosoti’fo eossox fiwwtioo f to O' otsiotiy pooitivo 

eoooise* fOBOtioa § Cif toUi f oiii J i** ilftOi*' ttoo aowrtM^tttiiy 
sootriotioit «» f •«» to OMltloi) to » ecswsr foootlao. 

ammrn vm mmmey ta ihoftoaf If *» not ttutOftty 

eoiaesmoO «i1ii tlMi ooapatotiooel teotiai^oe» lot it Mm m .iWat immeiiog 
00 HM tOWlOpiOtt of • OflliFOtol^^ tlMri 0 iSit**Of tf PtOOl. of of 

fwu^tlo M»ooti«io* [1S4*1»f ] f«t ^oioiiii o^utiott of |j»ofelooa 

of iiwooi lww*io-0«ooi«oi s^»opfi«i*l»« m4 foeaflo^oBOttw 

mm0m f ioiio oitHi •«»• «ao^AotioB«a. oofooto of osrtoiii tm 
of . Ilio oiioftiHP io mum iMM too aolov ooiWowi* mpum 1 

io iotoloi to »• iofoloptoii Pi m to 

if Voooi^ mxooMoiio* to pmmrn tlM a«ti»yo 



*«f II Pi»tsl.«* in •M.©te tti O*.!'* ie 

8KSf' iM ISSM i« m «mmx Mt 

I 

(%l fimtiw* €. € * umotif m tte of wifb 

»tKltai 3 a 2 .« wilfientiime tw F»oiido«Corieiff« to tiM 

©♦S’* i« Hlf noi tantsirato'l e»t aw for 'Mtrnm ?«*«4«i^emowi 

•mtbiwl of Uiroottoao* as ««oc:^ibed by- 

* is « tte8%<*«ftoite itsmtire I'^oeadoro for tite proliiw of 
siuiliiiisiiticiiit of s o«Hiesir« f udctim ovsr m rseli^ QSi8£i%mii!^& 


emwr fteioticinai to niilfiji storttofe olfb m fssstoto soLutltm s 
sofottio^ of fssaitiJLo trtol soiuiioits is ..-SMrfttoil sim^ tost tos^ 


to toe 0 «t* s%;ieMto itersttoa to sjaxtous |!08sible* to obteto m mm 

trial solttliflu froM m vSA om m tew to a@'so 3 ra^oei 

(i) m itrsttim to wlitoh tte 0 «f « iiiiomums itet 

(li) tte toafto of tte' -stop to te tteso to tost f irsotioof mito ttet 

tot nm toliil se^otioo w^:ixdm f«Nwit»to mi tot rtliM <xf tte Ovf* at tot 

««« trtol aoiotioo to .grtstor tote ita r«lti« at tte «A .4 trial sc&utite* 

iliilt toittottog tte latesfara m »«t teswa tost at tot ftutiblt 

tolutite iKito iiMte «t ttefti tot sraifttet of tot d«f « tett art 

for otooraiat at ttomt tettratet a flrtetoao iii tliitb to oott i«t« tot 

IttxaMft ttaaiiaatot iMtetottlf • itetoteijr . tet 

rootriotioaa ate irteiaittote [jNMfWl t 
m tte ptelan* tot if tte trial tolatttett tetaSati 


Sill te mis Ho omxmx^ to a lottl steima ste# totrofortf 
ts m glstel texSaatt tete tte tiJ** it 0f« ' -'. 




,<tk 


^ 18849 



Hm diff<iniiKii« htttmma. 1^« proUblm e :nai4tt»4 If 

ZMlmsk^liJle [Iii4|t8f3 pm'iikm em'sMmmi imrm Itm to toNi 

fmt to to* px*@iMrtt pr®h%M* to« @»F« to to s^adLalss^ i* '•'!;{. m') 
m&. to# *«i»»l.toi« 3 r * at* QI totriswi to tot {uraliim «or^iiitox #4 

If Zouima%%Skf, to* • i* 0f **11 tto ii0»»lto*» ornttiritol# mV* Cl* 

Bud s* it to mil 'Imasm to*t f«r «. S^C-^V) vmtf icMi 

II eoiiv^x mit to * glototl. ttov«t 07 «t «« hop* tout 

to* Icwiil. iM»tetM to *Mato*<i «ito to* tolji «9C **to»* *f toagdlto 
iliwitito* will I* • #*1*1, toxiMia* 

ittto*i of fOfttoli* dixtotlto* to tovtotiK^tow to to* nwito toat 
tixml&j to itiittoto to* «ai»i»iid«titoi* «« ttm mm tosullito nolutiw At 
iiittol toe td to* 0«f « do** *01 VMito mA it to a*t iato««iiaxf 

told m dmilM imm. wum font » f*ii»li»2.* soluti’^ Cftwli UK 11 

li.«f « 3 »)i tnti oMitoilf «• Mtf jpr*i**4. into to* totoriojr *£ ttoi f««ai.liiil« 
to to*f««wi *r 4ii«x>r«*9e to« Q*f • totofei iiiuillj pwiSa* « 
eowx»r; 3 «B 0 «* 


II toll* «ito * *qiM*itol tfiMi of «liet* 

o*toiOKtto«3L ■ox*l it »• f*iIo*»f 


■gWi WS i'to P ' w IPir 


Z = 




-H 


/ to* 

■SiCyJc. + .l 
I w " 


' t' + l 




4=11 




V 




•Mill** t to 
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tiuilPt |> i$ « ftali* iM a^swtaistiaft® 

(i) AXi ^ ^iy ^ teow ©amst^l®* 

Cti) ®w» «»t af f*®stl»l.» i« 

(Sli) i©liFi{i«s* 

i=t ' 

fH# ©Uj«etiiw fiwettois t« |rw«i to b« '"C« •»)«••« tirntf 

Cl) *iiMm!3P io®*3. waattoBMBi ®f ai-a® a»^» (2) ^ #s>u»i 5«Kli»»a 

l 9 aoMev^fi m% mm of 'too ©stroo® j>oiiito of tiwi ooBotroiat oet* ’2hio 
Ittoio $0 tl»a «of»3.op»»t of m fteito ot-ailat to «Bftt 

AovoXopoi fey Switt tmmp 0 fojf L.f .F*f» im typlo^ of ltal«*‘o 

itotfeMNl f®3P *'iiia^3i*a»i© '.^eo.',wa.aiB^ I ^ 3 • ®ttff4oioofe ooiiStttisao foy 
oi^fiaolily omn iMoSaoS* 






Ctii) if • l»® m of tii-ij-ia-jK Iw tto* to%®*4or of ISi® 

««% of fooeiOlo st^ixiioost itewB tfe* Q«f * i« tise 

emitmifikt ott» Civ) if tte esostrofiit eot hm empm% &lm§ tkim tlMi 
flo^ol. liiitteoii of lyiie lAil. tw m mt m% &r mm of 'iho 
•ictMMi foioto of iSm eoiDittoiffit wt* M 11^ liio 

diffoxin'Iilil oooAitioaa for ‘l^o oxisttmo ^ e iooal. C«MoI% io 

iiolNil «i»o)i liaro Imm finmni io lio aoeoowuqr m ooli no 

antffSoioot* Sottioo 111 in doirotti;^ to oojrtaio mrp&<stn of ituttlitsr* 

So Soetloo Wf tt foo iioirltouktiiir ooomio oe»k'4Bldoro^ oot^or 'Woi otiMar 

rootoiMtii r&tmv9 itoov ^mm itmmmi* 

' nnm‘^^t 


‘BAm m mm i^vo « fm roo'ui'lof io ite foxaai «if i«»'Wo» iili’ifi& m 
Amll vm In Hit oiui^sio to tvMm * 

1« fiNnqr oiMpiief emmt, mt dSt&ito ot Itaiot mm mtMttm 

foiot [«1»42l • 

£omm 2* Si»i| S^i Iw » tto#j««r%ioi bifpirplMaii of « ii«ii*Mi|)ff 
ooBfoir ovt 1®* f||i« nm otii io « ooap^t 

mmm off l» isnwwi ^411 • 

immm f* If ii^> i»l »<> »-■ » — ■fg* Im utrlftlg pofiliiNi rtol iiwiMM* Itao 

, u-y) rx u., + u,^+ — - + a.^.- -^-gu,, - 


HiKPI f if « flMfo fOfitivf tn%9s,»rf if uliiiigi iifii«ji«pitif*» 

IMmf • INi pooff Cfi|i ^ it muifimm t» pMw Huii 

® f*» fli «tri«li|f popitiirf foi 1m U* 
f JM iff ptmm4 m folloMt* 



f» points wm 






•Jrt- 


L *=. I X. 


wMc^ iAfljf tiiiit C**|» <^#*^'***t**jj) • Ctftf— — “#l} iir tto# m’Hf- 
»t«ttOBaay foist of H' Cii| $ ^ fiaS iteo-ttotr Hit 

tfttoo CHS ito attiKHSi or stoitauai ot wo fiioA tlnwt 


Q u-^ 


ul’- 


I 


t - I 3L • 




-0 = ;‘'Tfc<( 

w€ Hm miIMji 


'i IL^ 

^ih^U-a, 

^ H' 


\ 0 - - - - 

. . • o 

'b^'f 


<2)^'P 


0 i - ' 

. - • o 

m u-^^u., 

t 

% 

«< 


T=: 

1 t 

i 

A 

1 




1 


1 

1 

<0 

, a 0.^0 u,^ 

(b (JL^ 

1 

0 0 


to |ioaitiw««<itftalttf wMmh tUKlioo tta»t y toloo m ito 

t iiii l t MW i O’! Cl*1»— »t) mA fl»t adUiiriua 'V (a,tOi«,«---«,u ) m Q* 

a, u, . «.' ^ 

IwiMi 1^ inii«il.t follooo. 


SiCf la 1 

msmAtiQk:^ mraim m 

CMur pKiamy omo»m la Utlo atotioa i« «ti^ lia 

litll iim' lAt iM Jfcl «aiii<^i % aBnufcitti ,»iiiii«ji«i 

IlMViNt Wm rnm^^W^W 

i- 

&fAAtiAm CtoiiiiiaLat or utetaiao) ^(x) ^OO ^ xop Itui •!) 
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Ct) F c B i» a ncmniaip'^ el&m& emv&x ««t e»at«liilag at Iteat tm 
points, mA 

Cii) t$ g ico fuaetioiso wMob mw @¥ mnt 3 «iul ponitiva 

1to0M#iOwt f, m Hw&t law OJfm <p i« jaoli&Kir 61 mv C? osojr f* 

Ciii) A fiait* Qptts^m ooeiuors at & fii^ta ^ixit of Pm 

fiM MdUft perpoot of tM« oaotiim is to oxUiitit tltat for tmSk m 
problem gitoa tf C2*1*l), to to« 0*F# to jaaither 61 a®r Cf, to# 

rooaltti ot *Cmwm Kro,im-;stos* «Kte»i as folXowat 
(a) Biros:i‘ rmximm. of <p mmr P to &lt» m gloOoI sioKtorioi over f* 
Ct) Vam mi of pototo to «t iditoH cp toioio m itm gtols^ awetMi it 
a oonroai ott* 

(«) If Wm 04** itao a potot of #.ol»s4. idiiiatMi to tot totorior of 
tot ott Ff tota (p to ootttiMiit tiifoi^ioal f • 

Coi) IS tot oiiiottotot tot F itt homAwA oloot tom too i^oM atolmt 
of ovtr f oill to totoo oo at out mt moae» of too ostroao poiaf of F« 
Stooioni i m Wm/y lootl otototit of (p' mmr P io i4«o • #91%^ mmS»m 
of (p ootar 9m 

fkoof * If pooetoLo lot too toooroo to foloo, wmIi toot if £ f to o 
lotol MTtoMi of <p ovor 9 ooft 1^ C / ^ F in o gjlotol moactom, tooo 

«o toot 


<? Cx.) > 9 Cx.) 






X = X, -i- (i-:x) X „ £ P j*^ e 0 • 


Ci.nj) 



9^ ^ for 0 cx < I t it i«i for w to cdtoooi in mdbi- m wt^ 

tt»t, f\ a»* ** t*»*» *s®»t 

<f>CXj,) ^ 9 (Xc) 

siimm Itet %m m nm^nMiSzim* Slsitae tlM romtit 

Sli«or«tt 2* ffeMi o«t {xf timio p&iMm in IP at liiieii <p mmmmm it» 
mi»imm mmr Ft is *■ Mt« 

t'5Cw*-t£^ 

Froof • ' liot i (« <xf f ) %# tlM a«t of foiot* at oaeli of ^ tetoo 

If H io «K|iity or eoolMiiio loot % sioglo loiat tnw it in oirMootl^ 
« OOOfW not* If M 0 «t:£di» Mrt HMfiB <£m fOiatf I^MO lot %l fkOi Xg b# 
two iminttf Sm 0f mt 'n^iieM cp tokoo m its #ol>ibl mriiMOi ovor 

f * fltto 1WI iSMiro 

q> Cx.) = <PCXx) X,^x^£h<z?. ( 2*1 S) 

9m for oil ^ ^ ji_* j ' 1 » lMr»i 

9 L-^x, + C'-:x) ^sJ]=^|^^x,+c\-x)X3]^^|jxx^■^-o-:x)XJ^ i2*i*f} 

la»«tl|' iui la UkoozwB !» (f *1 (2*1*1) fioidt 

<p X, +- (v-a) Xai ^ 9 ^ <pCXa,) aiH . 

Bat 9 X, owrmot iNi fiswalHir tli» 9CxO = ‘?C^a.^ •• 
iMHUt I| Mwt Ig iwo ^l»t» of #«M> MwoKli i a a i «r <p Ofwr F* Aao oo 
fenmi V X € KiL 


<q? X, + 0-:^:) x,.] =. <p Cxo = <^ Cx^’) 



f}sl» implies ■yamt Xi +(\- :x) H ^ 

!«•« tiM mt <if |?oi&%s m% <p m if ^obctl mniaos. 

f a mmmx iMit* 

t 

Mm «» atatft a eoroltarles fM^dn mm aitteor Him 
mttmqmtima of iSm »k&m 7 ««altS( t»r «X$tf e« Ini prorti OMily* 
Coroll«x|* l« If cp fimm m it* gXolOal mxXaMi at two dliistmt 
l>oiat» Xsi B, tiioa it talBttft m if ILoliaii wxliitai mt m imfimitm 
mmimt of i»oia«« in f • 

OiMoXiax^r 2« oaesof Imi two («kr novo) pmff in F ai cp 

tileiii «w a »trm§ Itmall Caot Iwmii m giolMiX) aoxlsm* 

^fUmxyr 3» If at Immt m» of tlw fuMtimi f mad g is 
stsiotl^ tmernff fm tlm ifXolMfcl intiEiinMi of 9 mmy tlw Mt f 
if tsiMi on St a point* 

^oxom 5* X£ 9 |«« s'^tsl iiSit^elx)^ point in tlw mftl&v of 
mm sonstmiAt ast f • tten 9 is aottotant ovsr F* 

Proof. £it <p IM not ooastsst mmx f «a4 lot ts ss tetsvlor 
point mi mm mt Fy a« 4 Mt tbst 



h 


isnist ^ 




'vwwv CD 

xe? 


iHiiBi not ©onstaot tmw P# ws lusps s i»oiJWl X| 


Cftyrtsxant fitiii %) ^ ty suNii tint 






^Cxo > QpCx^) 
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X«t Ig €. f iNt amWmt f2P«i«i mml \ 


■= :xx,-^0-:v) X,, V > e 


Wm {»eoiu«wi .1^ €. f , •Ummtmm m ma^ !mm 0 ttimr 
^ (Xg) • cp m (Xg) > ^ (x*)* 3&I %!» fojMwr ««»• «itia tl*# 
Iwl# «f (2*1*9) 1PB toftr that w« isuRwe^Cl) ^ {x^) >‘F CXg),wiwt»fMi 
Sa. X&ttAr mm m majr iwevt^Cs) («) <P (x<|) ><? «t 

(li)<^*(X|) <<pCXg) 9 r (e) • Cjp(Xg)* StoMi m 9 m tmm in «XX 

magt mH oolir 9 m ot ^ tollming iktm mmibiXitim* 


»*1. 

^Cx,3 > 

<p(^Xx) $ 9tam #tm#f- (i) a?CXa,3 > cpCx#)! 

( 2 * 1 # 11 ) 




ab apCXs.3 = qp Cx^) J 



<? Cx.) < 

CXx) 1 mlam 




9? Cxo = 

CXa.) 1 »laitt 

opCXa.) > opCXv) 

(2*1*13) 

fStm* »• itawi tmr ^ 




<P Cx,) = 


X, H- 0 - 3 ^ 3 X 31,3 

(2*1*14) 


jjaliiig mm wt Wm wad utid^t mf mw f sM g 

mrnw fxNMi (2«t*l4) m mimiMt 

CpCX#) + 0-XHCXa,3](_A^Cxo +0-A)3CXa^^ 




dwawiiiid mat iNMMiittXim oxlata' «a4 preeaodie^K WKawtljr a» i» 
Timmvm It C2«l«tS) m oinjiimMaa Him fiiXda 

<^Cx*) > ^pCxj,) 




$issiXmlf iS m mmmm ©r i-.os;4isilit;/ 

f«*3l exiotSf «• wHi 

•itl*«r > cpCx,) C2«l*tt) 

^ > qpCXi) = <pCXi')> c^Cx#) (2*1 46) 

i-es^tiwly* 

Ittt C2*1*1I») fbsouglli Cst*l«18) we« oatsw&ietloias* KMMM 

tbe mmlt foUmm* 

laemwtm 4* If ^ iiai*«^p4j emmx mt F Iw I&«k«i 4«4 itlMk thm qp tiiteii 
flu it0 miMmm omr ? 41 oot or «»• of poiitito of F* 

* ttaeo '•w sot f In « ««»piet oomwic oott tiMizoforet 
l>jr l£imm 1» it wteltt of looot ooo oirtMMt point • Wow oUtn <Gp ottaJUio 
its #ot«i KiaiawBi in tlio intorier of tlio a»t F« tbon ftooxtit 
it ooEUKtmt ovor F wodf tbMRinifoiWt tolnto ort it« #otil adLoisuin ot «tt 
jpoljit of f « 

Sot t»» now wnioao that qp tiiioo on its liolHil :2lu:kii£3t oroir f at 
a 'immSmj point €. F «ba iMt at «ojr Intorior poist of F* So onso 
to airooWir to oatrono point of Fp «t hmm prorvwW Vm xwotilt* Xf aotf 
Umo at ooooMw tlta ool 9^^^ • ^ 3U» • m»i>i4>rtijsg 

hjfpivi^Lmm F at point X^C f* Sliiea tho wit t io a nc»}«o^t^ ooapMit . 
oonvox oot wink F c: g c: ^ Loom 2* 8^^ to oioo a 

liooNOiaPtf oeaj^t oenvox oat Ijrtai la Ca*t|HUUi08i4«ioii opoao* 19 »mi 
laaaa t lai^iao tWal 8^^ iHinito at Iimal mm wetvoao point* Vow if 
Imm^m to to ao iatiMnor poiat of 8^^ witik xwopoot to tio apioo of 
Slaoaoiono Ca-*l)» thoa Igr llwanMa X ao iaaoiiatoljf maaolialo tbatcp afil. 


Iw mmtmt m^v ini tiidiiifdxit it attaixi® its ^oi»«3, 

«t «w* 3 ? f»tat df mi kmm At m 0 x%tmm point ctf 

will adss %« m mxtrmm point at f* If X«(. is m tlm m 

abtttiii aaoSifer i»c»-«mpty e<»ij»et «oot#3k mt *^a«8 ^ 

\«S Ijisg to Ctt-«®)-il 3 Wt*wioe«l «f«o®f wi 4 #f» ^ 

hyi^erA^^ ot tim »*t 8^^^ «t potot aai tsinat tli« al»OT« ga'ijvtjKsi^t. 


fMtt ptoetss suit to m ftoits mabor ot »ta^A i}©ssitt»» $, 


o 


mill tMi m mnrvx sat Xjtoi; to O-^lsei^slsaal oprnm mA )mms» 


wiil. omtato oeiljr tte si^to patot wl^isit l»,r homm t i»«il bt 

iottMn* intot tKt i. «iii tISMtotfsirt f* itose t%w r« 8 ult» 

# 

l^naarlc !• «<8 toiw AAtabitotofS tout tow 0 *F»<p to tim 


•KJ^# C 2 *t*l) y^iii nttsdn its glotsi at mO' ot: to* 

oxtyoim intots of Ft ymt if to a#t tor wi to isxpl&lt toto 

foot to m o«si|»itm%ioAiii toetoitutf alxidtor to staiiiox 

to ftoi file gloibal Mnimm of cp f otooe flio moll lmam$ 
iaclitmw fotot lotootot** io oof ooooooarlijr jtol4 t to #^83^ atoiman 
oai- to mat oiwt it to pooalbl® ttot cp SHiir foto m it» toool atotoitot 
iiffojrant trm #«toL mtototai mt m mxtxmm snint of too mmimist 
wot t* Mowo*f«r» to totiato m ImtH wdninm tmt moil m proiitl«t» m 
*Stoplo 3 E*ldto f«<iiiii<iu»* «oi& to iofotoiNii* 


• n 

tmt^xun cQmi::imni 


to ioetito Xf fltoHNW f» «• tom ijoromi tor tto 
gkvm «tt totosntottof proiwrljr '^t «vor^ Imol mmtiism of 

ovor 9 to itotoX tanatoiw ibito* to too prostnf sootioo «t tmpim to 
•olol^ali tot ooeooau^ oto oofftotoot ootoiitieot atotlor to thooo 
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% ]EialM ms& [_1'I23 » tm lii® ®xiates5ee a iacsl .‘xtnts^xs, C^iiai 

Im»«« « witeai) af Itit ixohlm (2*1 •t)t witti 

Hi* D*t f ia ^ivaa hf 

P = |x 3, , o e H i2^m%} 

ell. ^ Sa iSm ^mtmm 

^ Q O €. H (2*2*2} 

air* CIX aueii tlial I* la « eloaed mmmx set* 

&m prare 'ttte Itetevaa** 

flMmeai I* If |L€. f (2*2«t} Imi- a polat 1M.4I1 ia s^cu*u.tlall^ 

W 

(itl^fcnr HMt gffsttm Ct«2«2) vM tf all tls* fmmtima ffg «eig g^$ ie M§ 

i 

£ a at Im ttiea tba mm--;t3»ry aai efnffteiaat ^oaSltior^a iiimt Im m 

m m 

.iaasl«u^ ta tttt glrm C2«1«t)| (2m2*2) CHi (2«t»2) am Itot 


ttuiir* •xiat a ssalare 1 i c % meM #iat 

*vw ^ 

C2#8#S| 

o 

^i,Cx.')=^o ( 2 , 2 * 4 ) 

L 

3i. CXo) ^ ° t. €. M (2^*5) 

A* ;> o C G M C2#2Jl) 


ftpMif , fa labm Himt tb* t'oiiiitioiui (t*2,5) Ca*2*i) am tmmammy 

m a .praaf atMlair $0 Itet erf ^Ity iSmmm 4] • 

M 

K > 3iCx<,> = ° ^ Cf*t43 


i*w$s} 
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itoMPt Hi VA- N“ 

Btiilt tern (2*2 a) tiixtiiu# (2»a«S) m ehtmM Itet =° tor C e • 

If P0»0i.hl9 l9% tiM C2«2*3}t {2*2 a) f {2*2S) hmm m 

mi# i'lpliO# tiMkt 

Vy^^C^o') ~ XL C2«2*i5 

c € N° 

/. 5^ O C € C •2*10) 

'liawi m •Olutl.oii* % I9i« i:rinop«>sitlact tli«ori« («•« Qa»|^«r £)'4i»<l 
fsm iam foot lifo«l (2«2*9) Mi (2*2*10) 'imm no st^utioa it 
Hict tN«rt Mists SOM rooter ciaM tliAt 


[VxCpCx«)]'7 >. 


(2*2«tl) 


1v.^Xx.)]'y 4 0 <*•*•’*’ 

(2»2«I2) itet T Mloojpi to liooMiaioe omt to (2*2 *2) 

«t l^C f* ii»M in OO^OMtii^ij titis i3pllOtt t^Ot f 

MLoimii to Hm oom 9i tm-smt* to t ot X^« %orefcnni» tOoro 
mm m%v!mm (x^) ooatoiooS to f noi osortniiaig to X^> oi^i wmm 
mqmm9 ) oi mmsHtmimHm rnmmmp mtdk ttaot tte 
to I* Ag^im m 1uim» 

- 9CX0:) +-\yxq>Cxo)ycx^-x.) +|x^-Xo\\e 

tiMni £. io • otMisTf 4«#»aajyo4 m ft «»i tonAlOi; to atro no f toMNi 
to iofioi'i^y onlf \\ \\ t iMotoo ttO' mamm Wvm (1*2*19)# wo lt«m 




Ct«2»1«) 


6S 


Sm if wi Mfeii p sttri’lsie-.v.V £->o iKa4 

c©uif©re 0 s is ft tbm \K^**~ t->-t> t wMete 

il»t t&« *ltjit iiaiyt «i4t te CS»2*145 1»«» life# si^ af ^x<fCXo)Y'/ 
Kfeieb % (^*2*11) i» fHi* Mplim tkm% 


q^cxp > 9Cxo 


(«.a.i5) 


^im« X^€ ft 'ifetftf^xvt Cf i« & «iostx»iietlci& to tm% l^st 

1 i« o imxijmk* tfe* rosolt follows • 

m 

f& Ivor* that tiMi w^Aitioci* (2 *3 *5) 1fext>oife (2 *2 *6) air* 
«3ffi@ieiit iil..*Ot m aaauM* ^at tlwr* *xi«t m& '}k° • i € 4 

satififjrian ifeowi toMitioaa* 

%'• a** iMiir* for X. aai ms X f 


CX- Xo)Vx<pCx»)= ^Cxc)(X-xo)yxK’‘») ^ K^‘>>Cx-x.)'vx^Cm 


(^2*2«K^ 


l^aioias til* o.vr^arit;^ aal atriot ^oaltiritf of f 'Oai ii# oo ottota fMa 

C2«8*lfl 

Cx-XoW^f Cxo) > ^CXo) ^Kx)- ^ 




C^CXo) \u.,+ U.^- ^ 

«« ^ 

, H - 

^ " ~ ^Cx.) 

Cx-Xo) Vx^pCXo) > <?'CXo;)^fi*^<^Cx)- fi-^<pCxo^ 

-V <p Cxo) l^u,, + u,^~ ^“"r ^J**”*-" 

> (^CXo") cf(_x) - ‘?Cxo^ 


=5> <|>Cx) - <?Cxo) ^ J 





Mm if t»t MiBB f »a«ii %fm% e.->o nal 

c!©srr«»g#» le ft isim |Cxv-Xo)3kv|& t->o , «l»iA 
ii»#l.ie» tiicit tiitt iljjfe.'t Imi iEi4» to (2*2*14) tern 'l*i« ®lgis of ^^cjpCXcoY'/ 
w^ixth ligr (2*2 *10 i« .^c<3ltive* fHis 

cpCxp > <PCx«) C2«2«15) 

I^€ Vmmfemt (2«2*1S>) is s eofttimiiiefiaa. to ite fast ISist 
is a SHOKlSBIRI* UlMO tlis sosuLt foiicms* 

to porors ttmt tbs eotiMlitiws (2*2 *5) (2*2 «6) mm 

watiialmt siiwst «• osawo that tlit» oxist and :)k° i i € J 
ilkoas ooniltioisMi* 
f « auMT liafo f«3* anit aai' X c 2* 

(X- XoWxCpCx.) = ^CXo)0<-X<,) VxKx®) (X-Xo) Vx^CXo) (2mSmW) 

!laii« tti« «me«fiV and •trSat positivitjr of f sad £« «• oOtote ftm 

(2»2»n) 

Cx-Xo/^^c^^Cxo) > ^(Xo) \^Kx)-K^»)^ Kxo) 

— ^ CXo) ^0,^ + '^'\ 

Kx) 


riots* 


UL. ^ 


- 


Ic^ ^ 

Cx-xo Vx<pCXo) > <?CXo)\^C^<eCx)- 

•+ <p C^o) ^ 1.- Aoji*-,- aJ^ 

(^Cx*") c^Cx) - ^ <|Cx,)j^ 


> 


t.| CfCx) - ‘fCxo) ^ -i ^(x “Xo) 


Ci«i*ft| 
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7 imi m btm 



^i,Cxo) ^ £ Ml C 2 * 2 iao) 

let irijw vX qaa®i-e«awxLly ©f tis« %*•* i £- **§ «» &«»® 

^ 3 c ~ Vx^^C^^o) ^ O C 2 * 2 # 2 !) 

fteit C2»2»S0) ani C^«2«2l) 

^Xo) -^o If®!* C G. Mjj, awA X €.P. C2*3!#225 

fx«ai Cs*%«i) Msi C^«3*22) «© ««tf 


'TL AcCx-Xp') CXo:):^o **Wf X£?. C2*2.»3) 

CCNl 

C 3 « 3 * 19 ) «• !««•« 

CX- Xp)^; 7 ^^.(;x.^^<, !©»• X£.P. C». 3 *t 4 ) 

^wiliiiiitti C3«a^) i»i C3«»<IH> W® i^tf 

■£ 3^1 Cx-Xo) Vx 3 Cx.)=o «»» xeP 

t s-l 

.ftmi (2*2«t7)y ft#t»is) fMi C2«t*tf) m iMMNiili 

io J 9 Cx ) 9 eXp) *«r X € ? 

9 CX) <p ex.) *w X e P 



Ms pmmm 9 taimsi m itm mmtMm mt X^» 

1* M, •ittuir « 9 r Kl° «w t o iw m nutll. m%* 

maMSj Hi# pttmff ia Hi* f&rtmt mmm w« «it (2«2*t9)a adi 

ftM aMaoelaXid xaftwiM*# m 4 in %im Ittltsy ««i« m astt C2«S*i'0')t 
CS*2.22) msA C2»2*25)* 

CaiscAia^ 1 * If f»r X^€ f» * ®t XiMia <9 talWii m i%ii 

oaxis'^i; owr «% 

*J(S6M!lf • f# te«»« Cp (Xo) = o f®** €. f* 

fb«r*f«w«» f«r nUi X €. f * Cx-Xoy^^<p(;xo^=:o ^ C2*2*S!®) 

tMttf aiiA «• 

X®f 9 Cx) 4 !<**• 9 C*|i ) Xa«* *0 ***>* I c f ♦ 

^ 9{x)^9Cx^) f«r rnmm xcf. 

iitiiaii iti« »iinil.t* 

feOUr* ^[^]lMiut iwwwi itet if 9 1 M> « mamm fn.. ostler, aa a 

emm* mt S# ‘tlws iw,r jMOint ItuTia^ of tlwt of hmiM& 

m statlOMi^ m iooal' m • ^oliaX aim bm 

Wm aUlav %m pm^iorMaa* MLow m worn lii« tot * aiax* 

tmmtkm <9 giviB la C2*2*l)« 

Vomorm X» fm iSm. tmml&m givwi Igr (s« 2 «l)p mo& 

Wm mmm^pUmo iilMitiMl In^ iaeti^a X aiid XX § magr mint Itt ? hmUi^^ emo 
ot Umi iwiNi fw«»|Mtti*« Of imtag o stmtimssey potot# m XmA mlAi-iO, 
m • gliMI wBiiilimt Am lui« 'i@«i ASsmt two piopariiaa* 
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fSMf* tlM fallow® oa rntMng um flitoMi 1 of 

»««iliaa It ^kmmm I mi QmeoXlmy 1 t& Tmwm i of Saetiot ll« 

- r f-ff 

mm A-s'".C!:r m 

w« flfewll iiTVota Ws.lm moiim %® Aimmn ««iiiiilfi mi^tu ix? 
oif f*l»*X«f <MM»iM«riii In Ihia <iii4i|>$*r» It It mil 
Immm itail tiiw 4tiiility prloeiplt* la noatini »rragr:a^-’.'da-.; tmii 

pix)£4a%t OHAt (St whiabt a^lai C^) !• a tocwiiraim^ 
aioctoiMitltm iilMalmtiaa) mA tit atbtr mm aalitH im « 
mmtmtmA KliijteliwiMiLM {me imi^isliiitlM) m4%i«a« fme Hit mAm &t 
mmmmUm* m atiita ^ prStwRl tel m 

fRtijiii m^mm (m) 

itdBlala* f«r xeP. (2*5*1) 

llMit* 

(i) ' tel iwt 90 8 0 1^ It 4«fteHi Ml follmii 

C € n=:0.’-.— V-v^) ^ XCS^ Ct*3.a) 

it hwiim tefUBwt tent tel fiiiMitima i|^t fir f^l t € X# mm OX wite 
tent tel m% W %» m tloaai 

Cli) X^c 9 la tel ofliMil. tf (2*5*1) abA i« 

far §, iex, 

Ciu) teatteint fte tutextei 

M ft X esa ttoote ov«r i tet atelatlf |tei1i.f« mmt f ante tent 
tet #*9« i» tteietef jMiitiini ant atitear mt C9 «v«v 
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(&)$ 

f«* tte me&MiMg t& [1®11 til# iw) tm 

'HiAixLm FC^^>) = 9C^) - £ i'®*‘0c^3^)€X) {2*3*3) 

«iNiiWf 

(t) tfet »#t ® c: t**** |ji Qtmm 1^# 

f -YW 

D ^Ux,;\) • ’^^.cpCx) 

CUl) ^ ^ t# «ft asKl vi«t»3f €. t* 

Ciii) ^0 ) l> 1# nmiA.iti.%^ tmt tlM a^stm 

YW 

Vy9Cx) = '2. ^iv^.cx) 

\.1il3 • Mn4«r r#0irii»tl<»s, iii«i »liMn> tm 

«M {mir «f i>iscal«» Cl#a,46) tl»t if (W) «a« 

X^ mmn X m4.m •txm(g#r 

ooiiidltiii^iay ttuax4 [ICif 3 «Bi iiiilgAeiri## \t473 « it}|#Pt iltcMiii tlnit (X^t ^o) 
««X### C^f) tliwi X^ neO.### C»P)« '»#lf« [llll] » ftwri. ^1^3 > ««l 
ljNI73 i WMOft #llMir vwiiliM ttet Hm 0«f « l« 

urnBum: uni tiM «Qn#ti»tii'l fiii«tl.«tt« li# £a IIhi jvtiMii #### 

it i# ’#ii«Mii ftftt iiiiMi^piwiii.iii ^4t3 ini BitigiNI \lii3 ^#nrains^n»n In 
tKtMiiiti t» wmfm #«•» #f X»Xi4l*f*l» 

infiani silatiai Hn mia thswmn #f liii# •ntliiiit ** fixnt vlinl# 
Wm imeim mmUt I® Hi# ftWK tf • IniMMif wHtiii «• iHtlX 

mm tm fkmmrm i iMtav* 


C2*:5*4) 



n 


hmmm l» If » im m am mtdmtt tiiim tfcw 

afiMji,4HaMiHMUi ^tm «f n^wtloss la a MOtewasi ,iiwm 

M • l}|t S € am (ODdjr tte tslirial, I « ll» 

«* mm fumm i&m fiaiewlai; 

1* If aiaacteima Cl®)* tom «xi»t9 « poialt t>'^0* ^o) €. ;l 
ftiMOi tot fCXfl# 9^o) • iw* <p (i) ma ma fCx.* 7 ^)^ K\* :^o) fw 

® X €. ? C5 ‘o.»cd ® 

all. C^ii* ^ 5 €. S* 

mmu It !• lilma tot awitotMi* to C®?)* tornfam* *>3? tooriai t, 
SlMiUca IX t «ft. !*▼« ta«t «arj?e8p«aai*»4 'to it i* mmmmsicy m4 
SrUifieieat tot Ifeoio txii^a a moto >o = ^ ^ :>L.') 

imiim WH# 


tola m aiUNi 

Cx.,3ko') - 

Ci#9*i) onft Ci*l*9l ft^ 


^x^i^CXo) 

(2*5 •§) 

0 

II 

o 

C2*5*€) 

3-CXo):^o c €H 


> 0 C € M 

(2*5 *9) 

i torn «xi«4« Cx^i > ) €. 


JVw 

(ms) 


FC^o,>p) = cFCXo") = •w.o^ c^Cx> 

X€.p 



&t.« ptmmt, 1ti« 

Mm m 1mm ItMit iCXf A) is a limm in A »ut^ l^att 

is sstisfii^ tm Hmmiomt im x^o m h&m 


fiid« i»|!iiss 


^fW '•fVV Q 

40 = :^^ 

■VW O 

- X fl; Cxo > - s 5>i. aiCx.) 
6=1 6=1 


V Xi 




"VWAa^/ 
0<i >0 




tsti 


f - 


Wm 


O^p^^HD C<o,x)cv 

XoCp XpCP 


Wcx-) - ^ x3;C>^i)’] 


^ vCx„^:xo) 


9I^« %IM £«o<^ 4 ssittklt* 

Sisarw t (itoii SwilJi'tar t If J{^^» IXo) in «ft 9pMmi^ 

ft (ffif) ■»# f CXf ) i» %»im wmMmimiAy 4Mii$ma$iKMM 
Willi to X in s £(«i^xlK»tiate;o'4 $t X^t wA if ttto of 

X io 0£a«aiogulor oil X^t liitii oiitiMiiMo C^)« 
Xfoof « Wo MIteo Hit tmm'Um 

H(x,>^v) = 9 CX)- 4 - yf%<pcx) - V Vx>QCx; 

liMiwot Cf) •tot) « ig(x) i^CxJ'j, l« an inn noitor 

flMOtiiii ttiii Htt'l >iCx) ^ t it tift tan ois4«m 

6=1 


vMttor Hf iri«iniil.ot* 



Ste# Oio ) i* tor tte 


'^x*?Cx)=S (X) * iwt mimmmry eosaiitiaaa for 

Cs)f ” t* 

Iso iMi » o«^tttloii «f C'33?) lufOf m- gi’wm ^ ^v\_, \h^i. Itoiw 

»o«t «xi«t m vmtm € l^t itetf 

Vx <p CXo) - s?x a' acx) -V Vx v>3x<?(Xo) - Vx Vo' Ovo QCxo:) =■ o C2*5 .10) 


CC^O '+- Vx Vo' Vx x CiCXo) ^ 0 
'Vx^CXo)— Vx y, QCXo) — o 
><iCXe) - ^Vx Vo'Vx^^IqCXo) :=l 0 


(a. 3 * 13 ) 


3io ^ ® 


(24«14) 


Ca«!l«l 0 ) Mi C^* 3 * 12 ) t«lM togol^w imiAjrt 

^x VoVx^pCxo) - 'Vx Vo Vx >o Qcxo:) = 0 

=%• vj Vx F = ■> (a.J.i»3 

^orUtor Ct« 3 « 1 S)ia «i 1 ii Idit Hiot Hio 

ioeist’iaiK Of f(X$ Ao} ot Mi iMMi I tblo 

jiilii 

Vo =0 

CMblaiiif C-SadvfO) ini (f*?*!#) «• 


*VW 

9 CXo ) == "S a“ Vx g . Cxo 





u 


i 2 i 3 m% 3 ’l logtlibtx' wiHi giiw## 

nryy 

^ 3c —° (8*3*1®) 

c =» 

ITeiiig Ca*5*1®) in (2*3*11) m ^ 

g. (X; ^ o c G.H C2.3.lf) 

'»wm amtiotk tl$ leiiwr«Mt If ««# inftr tim C2*3*17) 

C2*3«lf) tcigtlfoinr wii® (8«3*14) am twi' oldiiciir ttei 
iiira«ffiiiiax7' flun® wiffieiMt 4M»£utitt4»ia tm to Imr t®» of (3^)* 

%®la pKooto IftMi Wmmm» 


nmstm • if 


Pt-n'stQo’Mm OABiSt 9alm m am gim warn OioeiiiwiNi tim 

\ 

mtimw tmA attmst mmmmh mmelmmt am 1m mm/itrnmti -m 
pottoolor WMMio of ow 8 i 4 ixo« in *(liio #i«ptor* 

l®ioli 3 .«ai 1 « lulcflAfto ^Nodxwtlo ottfek I 4 iiooi> 


CoootjRoiifttiit 


Imtl Smmip [12#fl2$»12$J 1®Mi foUoolfl® 


prahXm. 


Haasimma qjC<) = Cc'x + oi) cd'x -f- f-J 

mrnimt to 

X 4 t 

X ^ o 


C 2 * 4 » 1 «) 


C 9 f 4 »l») 


liMnNi tlw oimMIo Iumvo Hiolir maammrn oo In ttuifOnr I «bA' ite Umi 
«9«uo|4I.oos of (l«i«$i|)t CiniH^Hr X# lti4i« 11 iMiooiNl tlM 

1# iMNPMt pliMIciii* Hi 

IlMMiP ftMftiM to Oot® ooBfvan m4 ammm m& arery contimxovs 



?5 


edJiwx fuMfeioa m « !»t i« qua-ai-c^V'es »km$ 'tlM«*®for«* w« 

eoMii^e tlmt t^»F» pi-ai^iwa ^iirwa { 2 * •%) in m ptprtleular mm 
&i Itei aciiiiidiiHMS la aMptor* Wmm amaultt 

la 'Swefiwii I tlm»Ui#i s«HsiijE.€Ki 111 i&it proijiiott* 

frolil*® 2* Q'uadraliie fTOr^rsaaiag Cl.'S*?#) altli wm^^kSw#** 

Cionetxwdiitfif 

la, [_13l3 fiiati Swmfmp i»n#ia®rft4 ■tli« folliswia;: 1*4***# psmliliai 

ifudyMimi 9(x; = (c'x4- u.) (^d' x + j2) 

^|P’’fpP^P^ l|B ^ Upw^ 

° , (2,t,») 

%(l) tar 9 X 1 t £. n aaem 01 twmttm& mmxmA ta la Olfl'itnifaniaia* 
m$, natlstfiag iaia«?i«el(»x' «€n»tmiat \t42] » %lw «%iicr 

mmmsp%lmm iMilag wmmi m tor frotijm 1 oMwom 

9imm •mry 01 fuaetioiu MTlavS m m aoa'wx m% i« ^ aliOf 
1luixaftir«t |2.«4«S) i» « piidrll«ul«ar ' •mw ttf Itlta pr&hlmx ad 

*f* fSwvifaait tl»i mmsiltm •slaltliifewi itm- la 

itatiaaa 1 llixoii^ III M4 far C2«4«2)» 

fmkiim 2* ?ttiai2arS 

Error® l» Olijaativot 

•ttttlHNr [i4^ ooadL^rfti ftm I^Q*!** iHrolilMi 

9mmm c^cx) = [c' X - (x' w x^\ \ <l'x+ f\ 

im 

l\X 4^ 

X ^ b 




?8 


Cl) 1 Is am warn rsal sjwastrle iMsltiire sMMd'^&sflttlts mtris 

(li) 0 I t X ♦ p am firntta s»t alrlc'ttx positi'irs 

mmr tte «sl si fsssil^Is soI'»%i«ms am& 

Ciii) m»t si tiii sji^bsls lukirs tslis warn asiKdiigs m is ptohlm C2»4«2)« 
Btsfcnr M x»4m»^ its to a oouto:^ progsm-i'^ltig -problsat 

frm ^ mlwUm at (2»4,j) aavild ha ohtaimi» ftara M ws 

&mma tlw astilX'i to iMt posltivs 4silsit« sis^ ^ist^oirs'r Urn wst 
(2»4*3h)j(S' X ax)^ ♦ is dlff«rontisl»ls akaOt liioa «s m» lliest tbs 
i»rsl^sai Ct*4«5) is » pm^tiavUmr osss at tbs iaL*!*?*?*?* oonsi^smMi 
in this elunHsr* 

frobLss 4« Msfiiiits Q^iariic Vra&etmmSng sitii Stssisvd In 

Qbjsstivst 

Isotsr (,2$3 omsldsxst tbi iollwlag I .It.l*! 

Kkzinlss <t>cxj =^'x- x'ex-0caxy*+<i][‘l.'x-xVx-(jt'Hx)+f3 (z. 4-4«') 


s«d»|M>t to 




Ax ^ t> 

X ^ o 


C2*4*4]») 


(i) Xt ft tg B sxs tool igriiastvio posltivs sMi«Xsii«its sstKliMMi 

^i_j|||p . uu... lirrriii liiJ/fiiTiMiilm- 

wMm ^wB^wlMpSw MySiMl H 

Cii) c X - x'e X -(X > o, d'x-x'Fx - (X H x)\ ^ >o; ofsr lisn 
sot of fauHKlMs osiiitloiis C2'«44b) 

Citi) Bttasir •priMil.s MmriMg tbs ssss ss w a isgs an in fmBklsaft Ca4«ll« 



M (2 * 4 *4) to 

la 44i«fct tlvR 0»f « t» €I twt tliB wmstiralat mt in cmiraat* 
m m9 tlmt proiltii ( 2*4 *4) ts m pirtlouior mm of mdm pmWm 
miiSidLd^md Sa tM* iiNl tf w osoMiit aatidbc 

to !ni pooitivo 4«flaite tliitt •stttMoitoiil in I 

ttt of 1M» iiittflor iM»Id tm proMw {2«4«4)it 



CHAPJSI! 


Ill 


ftwcriasiii .p'Oa=?v‘!T:''' 

M i« miratliidki* f»r SKOl.vjUki m 

[l14»l4tt190»4Ml»»1fYt$«iae«122,9i|fft1i4t$8 tte*] » wMell tt» 
0«l' • Us tidwn to M tlMi rotio of two lijswwp fkmotieiBo luai ISm 
oimwtxwla'Io ttrt toloMi to to ipmvwtrf m Imm wmbmt of 

IvotXiMw -of ittfootieel lotojToot mm msk mpmmmIu&liM Igr 
oodoL* liMomfotOt tm» gmmv^X 

tioi to to oofioidoxiMl* fo iooXudtt tlto »mmh» for opoeiol. tjrpi of 



acfis-liaiijir ir« httwi Kaa'li Max’Up 

[ISt,122»1323 • 4'iiti^iiwaish^ tlli.lit] mA teiow^ • 

timmtlyf 1 t «<»ml«i«3r<fBt tim ffirnttA 

£iB4 la@,is giirw « parsMiri® api.x«aiii to ofevtalja ^ &f &%mM 

fhn ptm&mi «batpt«p la camarrie^ wltH a arif to»)iBa 

xtelalai %itli esrlain txf futiAmwt^d aatur® far 

tiCMi probletB of f .&•¥«!'»?« .la wtn^elt tlw faeotlairit Mliioti i® 

oolttatT eoafox mt i^moar^f 1« tlm ir«*lslo of & iioa*lia««r fuieticf; to 
Miotter nau^liiaesr (or llutair) laritli tlwiir aa'':;A'r3| rOi';i:ar(!liag 

mui pmimx'l-y mpmiil-mi (iMit if mawmA to 

Imi mad %lai omtttm'iot m% !• • emvcr Mt (Sf 

»tat«i to 1m mmtmimd hy isvaperly ap/mUlad imatimaJm Hi* 
aiemfimr it into fim* Mjor MOti'WyK* in^tiooB £ III 

m&ta3M tiMi «f ixi ■vdaSMt tlte O*?# it tte m%ld of m 
fUMi'lioo im m ooooiKfo fiootiw (istiith oon im lioosr aX«o) tmH nmtlm 
if oontiiiat ^ X *&«}’•¥,¥•¥• la tiMi 0»f • io ‘iNi ratio of a 
eoiaaro ftnotita to « oohvox foaotloii (oiiloli «•» 1»» iiawir &km}m 
ieotloa f l« dofotiNl to jwriiaiilar mmm of Z 

j»aiii£y oomtoliio tbat* oiOltiMo for o^aii a 

(i) ftofgr ILooatl MMaam lo * #oOft). filMosaai (ii) flw lat of 3 >oiata| 
oi wladoli Htt fiolol aloliawa. io toMo oot i« a e&csvm ootf {iH} if tb* 
0*f « Imw a #olHil :«iuiloa» la too latorfor of Hm oot of fooiifcilji 
ooiiiti«M« lioa too HwV* i» oHaotoot ttaoo^iil oot of fOMtlitaa 
•oliilaiMm Ctrl Wm ■ iUML ani i i t i—i otU to InUmwi m »l ono or warn mi 
.Umi mftmm foloto of ikm ootatralat ««%• lot ioatlaa IZf 
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ytfl 4S3 » f«*f* tl» «f aa ojtiaftl 

•©lutl-ja «» rn'i&m to lem mooontitrj mi amSiloimt* lit it 

to ttrfaste a»jj«8-ls M Smtim Iff waAor sattafcla 

swtsMptiflwSf re:, wits to thaw «»t«bliais#4 to I , 

toarou^ III aatt ttatoi t&x tbo |sri»iil.«(i im tiitoik tliii 0,V'* 

it tl»t jKitio of » eamme fwattlaR to » oomox tMtttoo (which cm bm 
lititar a^at) « Sottioo f dtolt wita m fm'- pmHimlmr eam» oothd^ema 
by tiho uniitta’ md otlaor rtMitm'a oortert* it & iwnieultr om.m it bits 
b«m mom met for ofetttotos t,l» '^.sbal ®f m s 

fiolt# it»rttlm to Ittitot* msa bw 

QovislCidi* 

»A$m t??rv“/-.r:i?3,r. ^ 

to Hfit atetim w« mm ptimni^ mtmimmmi witb ite I •r««:" 

0l»ti*4«a 9 CX) = X e P, 

^CX) 

KiMiVttf 

(i) f cz 9 i« « tla««4 &ommx mb totittotog mt totnat two 

liotott* 

Cii) f it « fuattiiMt titibib it 61 mmt IS mtl mommmtim mmv %' g it 
t fiiiittiw itoioii it 0f ttftr s fits iiirioti;^ ^tltitv f tttgi ttat tbt o«f • 
it ittitotr 61 »«r Of 0v»r ?* 

Ciit) A fiiiitt Ofbimm oootrt t% t fiiiitt ftotot «f 

# 

to tot pasttot attliot m totii ttltblliili ftot ftr tot 

Cl«1fl)f C«) Ittoii n i ttia wi t PI cp tttir 1^ it t ate , to M8 i g 

Cb) fit tti if totot ffttoAt to ft «l tAiito <p ttlNMi m it» 



iM a. eomrtx ««|.| (c) It <J«f * 9 kiwi • .ipoiiiit of ijlaiial ::^-'Xls'.ua 
ia ti)K ii'Sl«arl03p «tf til* m% ?» ti»it ta® tvmti cp in e<ai©taiiit 

«wr ?| (4) fSm fiia®ti 0 a %ai»« m, ttm glc/Mi rsixMm at tm or saw# 

©f Hi® ;p 0 tot 8 of tto utt J** 

90©ar«ii t • ..girosj loool. tteiam ef cp &mr ? i» ©loo a Maiiatn 

of qp over F* 

froof. If j»os»lolo lot tti« tmmmm tee fulae# mmh that SJt X^€ P im m 
3.oo«l. min;a;aia att <p over F eBHl X^(i< 1^5 G. f 1« » g^ohsU aioiisua of <p 
over Pf we li«f* 

cjpcxo:) > 

i*e* <- 9 CX 0 ) C3«1^) 

ecHao^Oor 

= A + 0->) €. ? V > c [oji] C3#l*5) 

flurefore, V a € > 3 

L ^ x^f. + 0“ Xo 1 

qp cxa) = — — 

^Lax,+ (V-13X.] 

3Moe 00 iMKve Hteiifl f i» CIX e»i g i» oter if teMe 

mat t i» §X maA g m W m P C^a««« f c g)* ^Seiogf iberefore, 
ttw aaA X msA amemlt;^ teiA atrict faoitlirttjr 

«f f mar f> m mMtAM V :x c t ®fl] 

<^Cx>)^ - Kxo) 

^ ^Cx*) +0-;^) ^Cxo) 

_ :x j- -i- ^Cxp) ^cxq) Clef*#) 

> ^Cx*) 4 . (5,"-:^) ^Cx©> 



lakite.. USD! ®f In ('54 «4) m o'otalE V ^ G. 


9Cx>) < A^CXo) gCxQ -^Ci-^) <PCxo)^CXc) 

'^‘^0^*') f(Xo) 


= <pCXc) 


^gCXQ +(x-» ^(Xo) 
:x^(;x*) +ci-:x:> ^Cxo 


CXj.) < cpCXo) 


C5*t.5) 


But ^ ^ ^ l&mtX MnlMiii nf cp otnr f § tlierfifoaMt t&«iire exlste 

on ot X • nueH iSmt tm m apjiro.'Tiate 

mi3km ©f :x S&t ©■ <^ > < t In C3*t *3)» it i« J^asibls for m t© 

oitooot X in ffioefo n «ii^ 'tliat X € 4 (*j n 

c w 

CpCx) ^ <p(Xo) i3»ts) 


C3»I«B) «Iiow<» HiRt (34«l) in « omti^jHlio'tion* SHne fttmtlt 
f0ll:,m» 


Thodron t« fib* mt «f tlia»« point)* la l» »t iteiolt <p t*^a on it* 
SloM Mnianat of*? fi* i* a confmx oet» 

ftment* Sat it* Mt tt*** point* in F at «M«li p teOi** on it* 

(Icibni MClniiMa* t* d«aot«A tf H* ividtntXjr H Cl f » 

If II i* •a^tj <«* m «ii)iil.*toni tfemn it i* «iriAiiatI|r « •omiw aatf 
Xf i aMtaiii* mem tium mm |M»iKtt tBtn lat X|»l^ CX| tf t* la 

tik iM i hii .jiitM* liMin*' tit lilt 

i««— * » # UPCI iwi^ipp 

9(^x0 = qpCxx) Xi^x^cMcP. Ci*ut) 

Wm tm niX > & ' n * ** kwm* 




T _ fLax,X!-A^x4 
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laKaeil^ m 1» Tliso^a 1 (5*1 wS) imply \/ 'x€.[f>j\2 

^ 0->) ^ cpC^O -90^0 (5*1 #9) 

But m mi ^ »r® tim -p&ljatft of ^«b®i of q> vmr -# 

tknrtitom^ -V- 0“^) » V 5k £ t ewi ut Be Mm 

tiiiaa C|p 0^0 = <pC'5^a.) • ^ «« (3*1 *9) w» iiiiir** V 

+ ci->5X%'^ •=. cpC^o = QpC^O ==^ V A £ \c>j 
:x-X, + 0- » Xj, € M i*** * 4« a eoarox **t* ll«si©« tto muidt 
?^)pov«4* 

w« aow «tata a ft« xasuita ia tho form of «oi«>3.lari«a «ilii#i 
axv oitlwx’ imodlattlj ffw waults pmmd mbom at «lm 

mm im paemma mmailf* 

GomllXmtfjf I* If taA«« m its at two lirrerv'iit 

foiots Iji Pf ttm it fiitt' SKI iti i^otiil njUtHKM at m MUiaHm 

mmPmt «f it f • 

•» flmw vaMiat ta tua Cti^' atofa) patiita Im P at thtiii cp 
taKma on a atrcaii^ ImaH (ini Hmm* a ^siNil) aiaiiaiiNi* 

€orolIai^ 9* If at laaat mm of tb« fnaatiwii f ani is a 'otriat 
fuiaatioii im*ii tto fmmttm t Pm & atriatlir cm-mx fvmtlm) tGiMi-' tiMi 
fiolMil aia ta MM, of cp «v«r f is'tak^oa w at a withal iioiatw 
TSiionnt 5* If tlw fliaotioo (p Baa a glal>ul jpHoiat tlia 

laelwrUv of tiM eonatzmlat •«$ 9f tUta cp ia aocuitiiit owar t* 

Itoof « tat «a aMOWi (p . ia not ««aialiiit mam tf aaft \ ia » 
iatarior |)olnt of f mi^ tlialt 


cp(^x») =r <PCX> 

XC? 
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^ hming mt' eojastwt m«r Xt i» potsilile for m to ISM 


<^>Cx,) < <?'Cxo 

liot tis <^oo@« smotbor itoiot f iwidi that 1^ X|t 
1$ mi that 


i3»un} 


X^ = >x, -v-6-:x)x^ V:x€>,i[ Cs.uts) 


low iMteooft* Xg c F, tliortfoi^i »• sangr feaw «itl»r 
®3P (Xj) ^ Cx^)» X# tfee foanaor Oftae »« iattvw wiHii tine tolp of 

(0 CXi) < cpCXx) 

to Itii totter oMt «• ^itonrof 
Ca) iiitiKtr c») Cip(^X,)<90(i) 

or (b) QpCx.) > 9CX:i,) 

w (tt) cpCXv) = QpCxj.) 


f]»Mi «• ooli biKVO to «U muf tm& mUj oii« vt tim fdllmin.,; 


»-1. 

^CXO < CpCXa.) 

1 w0Mm eittor Ci) ^Cx^ < cpCx») 'j 
m in) cpCXa,)^ q^CK) 

> Cs*1*13l 

IN€* 

cpcxo > <pCxO 

t OHO* cp CXi) < <p<.x*) 

(5.1*14) 

1^5# 

<fCxO = qpCxO 

1 rnmm cp CXa,') < 9 Cx») 

(5.1*15) 

Ootoi (94»ii) Wi Itov* 

V A € >,11 



r . 

it:^x, (y-yy Xa.^ 

C5.Uli) 


9Cx,) 


[:x X , x^"^ 
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WsMm^ lie# of a«»’««t;pitivl1gr mnA o©a¥«£i% <*f f «ai etrlot 
wai of ^ to (5*1*1$) w# *»*»,• V :x€ , 



<3pcx*) 4 <?c>o <pcxs,:) <<pCx*) C5*i*is) 

M% {5*1«ti) m& C5«1*lf) Kf# 9mm iUb# iroeult 

fiaat ie oMifattt mmr P feUowii* 

Vmmm 4* If tiie Ml ? $# bo:joa#S «l.«o« tiitta cp 

leieie ino ite .atelaMi mmt f ml mm m mam «f 1$# mxiroiii 

poimte of F* 

Bemi» ihiMg 3 elMaw# imA lienee I iui4 2 of Hf loi 

«iii;iila« eseeUjr m Hie lime* fbmtm 4 lisi Otmfler lit 1ii« 9niitul.l 

Mmmii: f * It It eeiar tmtex^ellyag mi «f ipreel impoHmm t# ir^wxli ' 

Of*# iMwe ttet m tie 9 iel»l«e if la lAie ^•F*^'lli* f | , 

iMi m liiaiir fveetica# Hmwi iHNifiai tka oIAimf aeeiMiPtieiii laeirlit 
lib emaftilioa ^ef aa^atiellr mm tlM 
mmarnmif* M m hmm ^ iaSLUatmt 



I , wiiifflli io «t| 


qpcx) = far x€p^ 

WlWflWf 

Ci) f cz $ tm m Moat i cofssr®;^ ®»i; e^ssifs-^ni.i,. &% i«swt 

two points* 

Cil) f tm ©X enrw S, ^ i« linear iii»4i istrlctl- i-or;’tiv« stmt F» #»mIi 
tiiftl tfe* 0*1'' • cp i* twi'ttwy €X iwn* Of aver ?• 

(ilt) A fiflifs ajjitiawim m^mm ei m finite jpeirtt ef f* 

Vim tl» repulta 9 m hm i*rwti fer Hi* sraWtei C3«1#2©)» 

•fliMiliji' £*1 tlM lims ef rtetilt* f*r‘i^r<;)t»l.«p C3«f«0« 

I* ivesEy loeal slniaitiM «# cp l* *1** * ifleliel aiiiiriua ««!? ?#C3*t»2l) 
2* fti* ®*t &t tiist®* «.t (p taken *» it* iLMiA. 

,aA l9 9 . m&m9X ws>%* i'3m%m22:) 

5« If cp tiilGtM ait it* global miMimm at tw* yXiZ'tr&nl ^■■^ixAst 
in !*• tliMi it talM»* *ti it* ^eliai s^simaK «| an infinit* ntmer af 


fNiiata in ?. C3*t*2S) 

4* % 0 ]re aaiiMt Im tea or nore paiMm in f at miiHi <p tateia 

om a Mtaemg to»al Caiai lame* « aliiiaMai* 

' If f tw a fOI t’jmtisMf tlm tte of <p i* 

tiAaa OR at a i*il*iia imlat* C3*l«iil5) 

i« If Hm iiu^otiau cp liaa H 'iBi fiyfff l il i lll pCiiBt te 

Inlariiw «f liii* «>(<«traiRt w»% I0mk i* mmimt mmt f* 
f» If tin ameiaitl^. eonter wit f Ini %0Ra4«Ml al»*| flaw (p 
iMiliaa m iiMt iIIoInII xiMUam mrmr t *£ m* or wr@ of Wm msl^imm 
l»«le«* et f* ' ^ . . l9*1«lf) 



8 ? 

::fe.saa 2 'k 2* (3*1 *11 mi m mvm 

e«t« iii^4 tmt m 8«ati ®jf tim proMwas ti«t QJ'm udiX laii> m ttn 
#o««al attJteiA ml «« m 0 f laia mtttm of tito w^% of 

foanib'ii nolufliaritf jwt it io twt for a® te tM,« 

faeii to dowiOF » coa.-.-tiiifoaal Ipoiai^twt, of .':Im:1ox atefasif 

to find tHo ifXoOolL of ti»« mUna* ttM ^>911 tetom 

'^ixfer©';’*© Mettoia^ to m% a%mm9rll.g yl«l4l ti«i 

am in our oaee it ie >)QSiolliliit cp wmif tuft# m its la«»^ 

MXfouAit 4iXftr«xiit trm muximMf at Mei i^xtr^K iKtint of tlw 

omotarttiiit stt* ilowoimpf to ottain & loe&X of 

I .Ii*?.! #f •!»••• «, *Jlijat.4#*»£iik# 9m !» mml&mit 

• ii 

X» IMo ototiofi 99 oliilii oittoiiali tkt mmamsef ondl ii(iffi@::.tsfit 
oondiil^oiiof mm oiMiar to ootoililii^^ li>3r Kote ind f ^^oloir 

142 t fOi Hhi oxioioid^e Of o,!'li;4iii}. Ml tim 'of tl» 

(3«Ui) ttitli turn MlAitioml mrnmmim tluit ««t f i« gimm tjr 

P-^x:, = — ^•vv.);x€sj C5*2 .i5 

9^mm aU tlMi fonttitoo Hi tk* 

3cCX) C5#2^) 

•or* m iNi^ tfeHit ? i* a mnmx aot* liw* tli* fHottiois I 

.fimm Cia ttmUm l) #i»« m pmpar^j wfeioo. •tat** 

tiaiit for C3*1(*0 otvigr l-otol sfoittsm i« |4ok«4 MMmm§ 

tlatrwfoxot Hw iwoommu^ ati o^iolint ooaditio«» prorod will 
MLi 9llg9 mSammtm to too ^otoi rniMimm of to mm pxoro 

too tolloton#' totoMo* 



1* If e P C:i & point »Meii it msT. 

.-iuallfied* tiii (5*2*1) md If ail tlba fawttO'Kt 

I 

ffg maA t €. !l| £C X^, tnen tlkt iiiMsttiiair;?' mA 

u> for Ite tsiatniire &t m te tl» pTO.i.:rm*& i$irm by 

C5***l)t (5*2*1) mA i3^S*2} nm tl»t tmm mint m yo^Ju^ a" .ccm 


V.S’CXo)^ ^tVxiCx.5 = o 

Cr *211 


(5*24) 

^0 CXo^ — 0 

Ot) 


(3*2 *4) 


C eH 

(54 *t') 


c eH 

(544) 


fm^frn To «lwt tisat ti» atow oouiiU-f<*» (>*2*5} ttew*# C3*i;*i) 
ffip# mmmmgf ttw proof yiwa teiatr fttMoti* ttt iiat® off 

^hmxm 43 • 

littf 

K ( 5 * 2 *t) 

'rtioiit ~ H - Ml 

fliMiy tern Ca*S!«*) ttaewoili Ct*li*») m a»rt«iJi tiMHf 

Iflv If i» •iwmiii ««•* «i“» i^ttii (5*i4) CS*S«4) imi Cf#t4) feoa 
n# ■autiMti. tiMii •• b$m ta«i «»• 


Cl«t*f) 



tent m Osiiig Ito '2xmmp€mi.%'lm Tmarm mit ttw» feffl 

'ttittt C'5»2«it0) nod S'02.atisiif it f0llv'«v'® that thtim 

•xiita wBm f c. l’* 

\Vx<¥Cx.)Y 'Y C o C3*2*1t) 

\^x ^i.C>^o)lS 40 e Nt C3i*243) 

'9rm C5«£*t5) m iMm liwt f ffi iii'i»wix^ e«»»# l» 

«.% €. f* Slmm i# ISiix impliam tlfigit f 

P' P 

iMidhis td tlM «»m «C to IP at intM»iN»£' 0 '£«t itixim mm 

attfoams* {t^} aMtaiiaii in f wd to amo mqmm* C^y) 

«f' aiMds tiaat thi (,C^y~'^<>) 

to !• Jkgaiii w« liwpif 

I 

9 C^y) = cpCXo) + \Vx<pCxo)] (x^-Xo) + l\Xy- x„\\ t ■ CS*®***!) 

wlttvtt £ l« II mt^a»§ Sei:>aa4ihi m p$ tmS taaiiiig to a(o»o «8 t««id« ’ 
to iiitijiitgr’f sai , \\ \\^ ioMitoa tiie Mmu fimi C5»liS*t4)f m liowi 

^<5pCx^)- qpCXo)]:^^ = \^xTCx.)] CXv-Xo):\y -v WCXy-Xo^^,. \\e 

lot f iMNiolit MifftoioaKilgr tiMi e-yo not - 

Ini li — > I'fli ’"SMIk t o t 



liiJMai iMplXm m&t tte® seii-jhlt inwtd sM# i» C 3 . 2 . 19 ) iiit» %lm «f 

(3*^*t2) A« aeij^atlT^i# ftois ji©3.il*i laftat 

qpCXf.) <. cpCXo) 

tiiifto* X € P, tiiejPBfos*, (3,*2*1i) is « <»iatrsiii.ttio« %& fmt 

P 

Mist is • t« ii»» jjiiwm :r» 2 ^»a* %»«« «» li»v« tto 

rssixlt* 

to ftet ilM o a^^itiass (>•%«>) thiro^ mm 

iAiffieiimt ulao wi mmmm Vm% tters oxist aoA 0^% » 1 € %» 
eati^/ia. 'Haft (342*$) » liiirii 




1 CXo) Vx j- Cxo) - Oo) Vx 


■ 6<->.)^8.^^■0^= -KMCx-x.)'a,3W_ 

f^Cxol*' 


Uolaag fla* aocMMpttl'Vil^ wai Qom«aei% f amA •trio't 
•itA of guro olilolii faoft (3*247)# 


Cx-Xo/vxCpCXo) 4 


jCxQ [Kx)- fCx.)]- [%^>- ao<‘'>] 

IK"’)]’' 


= _MiL r <fcx)- (tCxoA 

‘JCXo) ^ J 

fiMi C>44i) vo g«t» ior X € 



C3«a«lt) 




qpCx>- <^CXo) 
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C3otk5) m ii«f« 

/ yw o ^ 

CX-x„)x;7^<p(_x„) + ^ A.; Cx-Xo) Cxc) =0 

i-SL\ 

iXm m Itaire trass C'iwSwi) tiwt 

:x\ = o ^ L <1^1 

f3*2*l) aoi (5#s*t5 for t € P, 

accx) ^ 3^cx.v 

^^Cx) ^ ^(,Cx6^ — ^ 0^~~ ^•O'S/x Cxo) ^ 

$ltiM C^^*S*S!a) aai C5*a«25) 

(x-x<,5 Vx ^^Cx6) 4 * x€?, 

Jbiklrb. «»» C3#24) ant (2^.2 •84) w« feisw f or X €. P 

'ZL Cx-xo)’^x^Cx.:) ^ o 

C€.Ht ^ 

fmm C5*2#3HJ) m «irsj«»i^ htm for X €. t 

X* CX-XoWxBc^Xo) = 0 

c£Ni 

ikaiUmim (3*8 «8f) «iA *« ObtsiXii 

'^0 / 

'51 Cx-x,) Vx^^CXo) 4 6 ^ XfeP. 

c=il 

C5*«*1f) mi •im ooajmctioa oitH C3,2.2?) floU 

9Cx) ^ 9Cxo) itrt, xt?. 


C:«8#9©) 


C3«8*;.i) 


(5 *2 #£ 2 ) 


C3*2*4?5) 


C3#2«24) 




C5*£«ii) 


(3.2^) 





^ is a lilniaiw of ov«r P« HeiK»« tho nsiAt* 

Bsawk t • la aljov# aithe** m® ©r M® ©aa iiapi!®® to l>a a auil «jt» 
to Modify the j>a?oof| la the formr ease m oalt (;S*2#2t)t C5«^;*26) 

«ad the a asoelateil uefereaoeg aaci i» the latter eon® we trait ( 3 •2*22) 
(>•2.24) mA (9%2.25). 

Corollary t. If for 2, Vx<^C>^®) — ° » ■*^**®® T 

#obal aitiiwiiB over P* at X^. 

Proof. »• have Vx<pCx.) = «* 

Therefore* for all X €.?; (x--x„)VxOpCXo) -<» '>>«-«« Xo€?. (5- 2 * - 

Oeiag (3*2.28) ia C3,2.t9) we ottaia cpQC) $ q,Cx.) for all 
X € P i*e* X^ C P i» a #ot®l 2 ii^«an«i of cp over P* 

Wolfe [183] hMi proved 'l^t if cp he a oooeave fuaetioici. oa a 
oofiver Mt S* thea my iioiat havlz43 oi»e of '@te three properties of 
beiag a otatiomry itoiat* a loeel aolutim* or a globel aolatio.c* 
also has the other two properties . Below we prove tile theorem for a 
•ore gaoeral fiaaotiar; ^^vea lit (3*2 «l). 

fheorea 2* for the teetion 9 - given hy (3 *2.1) end aa*»iefying 
title aeauaptime etated in Seeti<m I and XX* any point in f teviitc^ one 
of the tiiree propertiee of being a ot&ticmary point* a looal aK^ution* 
or a global »olu«i«m aleo baa the other two propertlaa* 

Proof* fhe reauLt followe easily on uaing the Theorem I of Seotiw X* 
fheorew % nod ite Corollary 1 of ^otim XI* 

leeMvii 2* da. in ?eotloa I* leaaric I* if we eonalder the i*l*»F*F«f*f. 
to be #von. ly ' (3*l*iC)* then aleo we oan eiadlarly prove fhaorea 1 
wA t end otiier aeaeoiated reatilta_,oBder relavaat aeeiaiptifln etaled 





in 

mm MiTOs Of 

In tisis si»©tio» w« itoall iav«)sti,^Bte certidn duality 
slrallar to tiioa© iwfentigat®;i for I *?».!•? .'P.f,, for tfcw ?l.r» 
cofisMar^d in 'Oaotiou Z and ZI of IMs ehaptor* lat&o^tieal 
foraalatims of th« (Pt) and (J5P) for S*Ii«y*f*P* oomldarad above i» 
m followa* 

^ntuh rn-mim ( pp ) 

ltaiaiB« <PCX} =. for X£p, C3*3*t) 

1C.X) 

•rbttrvt 

Ci3 tim aat P c S <; t® i« d«fia»d m follo*»t 

P=^X ^ ^.CX)^o, Cc (5.5*2) 

it btting asavuned that Him fmstlima for all i € If art Q1 audt 
that tha set P la a alowid oonvax sat. 

(ii) f ia tha 9iAimk aoXntion of (3.3«l) tuid la Mqueatiall^ 

Qualiflad for tha i^taa 1 €. II. 

(ill) fimtioaa for all 1 € X and f € 0^ at X^. 

(ir) < la oowa* owr S wft iion-n«gptlw war P» g la atrlotly , .oi.-,lt.iv© 
orar f and oonvax war S» auoh titet tha 0*P. cp 1» ntllhar GX nw 07 
OY»r P* 

MrAii (z»»)t 

>or tiw prohlan (2.3.1 )§ aooordUsg to tolfa 1X1 tha (Hf) ist 
^Xlaiaa V CXy:\') = <? Cx ) + 1 l ^ . Cx) ^ Cx,>) € D (3 .3*5) 
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(i) it&« mt 13 c; 1 ®'*® ia (^-wn hy^ 

!)= Vx<ipC>^) i'U3^} 

(li) !X = ^ 3i~) j,® jsH axi eolwi wetor € * 

(ill) (X^t ^ D i» s«q[u#Htially «l'aalifie4 for tb« • 7 >?tei 6 


'Vv^V 

VxCipCx) -e ^^^-Vxg.Cx3 = o^ 


1« turn pxwrs' tb* followiBg two tbeorows whioh coaaoct ('*?) «cua. 

{W}* fiwoirttt 2f oalXodt **7^0 Convert tmXlty fheoroa'*^ ia % 

gea«rftli»«tioo oiS ttworoato of libi»g&aari«a‘^14?^ ml IteNt '^<^39] for 

mawx programing to aero goaorol. ease of .f* 

flaeoroa 1* If 'alalaiseo (Ff)* tmn itSuam oxlato a point (X^f ;^)€ » 

suoli tbat » *ia CP (x) m4 F('Xo,3v')4 FCXo,>o) 

® ‘ xep Oo.»GD 

Xo€P 


for all (^Xe^^)€.D- 


Froetf* $iiio« ia tba niuteiaing point of (FF)» titoroforot hy aabijQg 

Hit 0f 9hmmm t mt $m%im IX t m imm %1mt- if ip 

piiffipltiit t&ypf thmm pjdi-itp p K%#tiir j ) e 


0=1 




■^Vx^iCXo) =0 

(5*3 iiS) 

g^Cx.) = 0 

(5*3#) 

3 j(X.) 6 O 

(5*3*?) 

3.C » c 

<3*5.8) 


liimt 
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3te«au»« it is ttstiUWS tliat (X^i ) i» ae^ueiatially ^^ualified 

ffflr tlMi sjTstes V*<PCx)'V^>,iVx^.(^x)= 5 o t therefore, ia» neoessseey 
oootttioite for (X^j>o ) to he a solution of the (W) are, as i tem 
11 ^ IMij , that there oust exist a seetor G R * sueh that, 


V^<PCX,) + Vx^ToQCxo) -f v/Vx<pCx«) + A*QCx.> 

(3 *2 *12) 

QCxo) + V.'V^ QCXo) 4 o 

(3.3.13) 

Vx 9 Cxo -v A. (S (Xo) = O 

(3.3.14) 

f :Xa v/Vx ^0 - ° 

(3.3.15) 

^ 0 ^ 0 

(3*3.10) 

KeMsg use of C3a4*1Sf) end (3»3»t4) we get 


v; yx<ip cxo> ^ Vx v;vx D.; qcx,) = o 


^ s, Vo Vx F cxo^ >o:) = o 

(3.3*17) 

atsoe «e have aseuaed that the Hessian of is 

nm-eiaipllart therefore, hy using C3f»3«17} and laaBBs. 1 of 


raeiion IXZ CKhaiiter 11, «« ohtaia 


Vo -o 

(3*3*16) 

Oeobinlni (3 *3 *12) end (3 •3*10) ee ohtsia, 


»WV 

^ Cxo^ + :xi, Vx3cC^*^ ~ ° 

C3*3*1$) 

(9«3.1|) In emltBMtion with (3*3*17) fields, 


.yVV ^ 

'SL X ^-Cxp) ^ o 

Cs-I 

< 3 * 3 *a©) 


o 



Frd« (3*3 .18) «n4 (3.3.13) m haw, 

4t> C eM (3.3.21) 

Coapariag the coafiltiona (3.3.19) tteoiigli (3.3.21) 4»aS (3.3.10) wi'to 
the eonditime (3*2.3) throj^ (3.2W6) we coselude that P In a 
of (FF). Heaoe the xeault. 

Btaarh 1. oen e3mil;iirXj^ua<ier reXeva&t odauaptioos, prove the 
aiwnr# reaulta^of the preseat awotiotijfor the j-roble* £.ivefi fey (3.1.20) 
la which in the objective fuaetien, th^xe is tto no]a*«wt^tirity 
reetrlotioo oo the OX fwetioa f, hmevert the lyactton ^ waieh ie 
etrictly positive la m»xms& to be liaear. 

7-i If 

^AliOfrOOSJ HOK^hlMSAR lUAOTOTAO t^'^n-'-X-T.’AO ■'KOGI-'A'; *1^01 

lo this sectiou our ansiia corscwm is wito the F..P. 

Optiffllse qp Cx) = xe? (3.4.1) 

^CX) ^ 

whore, 

(i). f d r> ie • noa^eapty cioseh coovex set contaiaiog at loaet two 
palate sM if mm-ampy moiomA to be ^iv«a bjr 

P = -^X j g- CX) i-cH^XCS^ (3. .2) 

where aU the fttootioae f ia t*e eyatea 

£j V , Kil (25 *5) 

3t Cx) ^ o t € M 


mm* 



(li) f iat Cf <mr anS over i*i g ts CX weir f? tistd 

etriotly poaitiir® m&r P| and if g is linear and strictly »r3.ti.ve 

tbiBi there is no aonHaegativli^ re Tti'ictic-i: on f* 

(lli) A finite occurs at a finite point of f • 

For the above ;,:.robl®ii m aw state -tee ihllwing reeulta which 

can he proved aiailarly ae in Ifew earlier seotima of this chnpt«r# 

t« livery local :'Baxi!»tt of cp over I* is a is;,lobal nsriaa!# ciiiifo ( 3*4 •4) 

2* fh® set of those points in F, at which cp tsJres oa It'.) 

wnitimii is a convex set* (3«<-*3) 

3* If cp tabes on lt@ globel maxinun nt two different ^Joints In 

Py than it talaie on its iilobal msAmm at m infinite ntjmber of 

Iiointa* C3*4 *j6) 

4* there oiaaMt be two (or awe) polnte in F at cp t^o 

on a atroog Icoel (and hence a #obal) siaxiMMi* (3 •4*7) 

3« If at least mm of the fUnotiims f and g is a stnot fimctlon 

(e*g* the funotlon f is etrlotly oonoave), then the global aaxla»a 

of over f is tatei on at a imique point* Cl^*4*8) 

$• If Ihs fuootion cp has m global ninlaisiag point in the 

Sntsrior of ttos consdiraint aet fy tiMMa <p is sonstmt ovsr F* (3*4 *9) 

7* If the sst F bs bounded also* than cp tslcss m its global mlniHrai 

over P at aes or wars of ,mtmm points of F* (3*4*18) 

8* If 1 € F (3*4 *8) bs a point tdiieh is sftQUsntially qunliried 
O 

1 

for Him syeitsn (3*4*3) and if sll ^ Ibneticaa fyg mA € 8 ' 

at then ths nscsssazy and eoffioient ooadttiens for the existence 

&e a — to ths progren (3*4*l) are that ihsrs exist n SfOalars >c>€.h 

♦ 

mnii' Hwidy 



S3 


V<?CX.) - S < V^J.Cx.) =« 




'A 


tSH 


1u 


^ o C 


V 


e. 


C e M 


(3#4.tl) 


for tl» ptohlMm (3*4.1 ) wo liavo tbo prlaal and dual prol)l«H«w 
»o fcdlowot 


(ff) loxlalBO CD(X)- «w X € P_, (3*4*.1f ) 

1CX) 

liioro in odditiao "lo liio assuapticsi ol^altod for probloai C3'*4*l) It 
io furttior aaouaod tlsat (i) X- €. f lo ttwt optimal off (3*4.12) 

lo 

ill oo^uontiiiPllj qualiftod for tljo systiMi (5.4 .3) » (ll) functioMi 
for oU 1 £ a and fi «; € C* at X,,* 

(at) Jlialalao - <p(^X) — ^ X^ CX) f«^Cx,x) el), C3*^*<3) 

C=ii 


awwPiaiaPopp v 

(i) tiM » erf*"** ia glron %» 

D = lcx.>) ; V, <?Cx) -S ^j.cx)=o , 

Cli) i\ ) €. » la aatnatttUOly fiialiflad for aia asrataa 

*vw 

Vv^cx; - '?> =-o 

C sii 


(3*4 *14) 
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for pzoliloBui ( 5 . 4 * 12 ) mA (3*4*15) »*« baw now followlxig two tbaoreiae 
milogeuo 1» Ihmtmm 1 aad 2 of Seotitai III. 

fke&xm 1. If ClP)f tiim th©ir* ©xiota a point (X^»\)e 1> 

tueli tlaat f (X , X)=H««9(x) aatd f (X » A )*5 >pCx A) 

for all. (X^ 5 > ) €. B* 

fhaoraa 2 Slio ConYerao Uuality fiwomi t If (X^,:\o) X® a** optir^'l 
aolutlm to (5f) aad F(X, ) ia twice eontimiously differeatiablo 
with rogpeot X iu a nel^bouxltooil of X^t ii* tbe W»»iglm of 
f(Xi ) Willi roapeot to X i» oon-sJjai.uLar at X^f Hiea X^ optiailsea (ff). 

SBCTIOI - T 

FMflOUJyill GASBSt Below «• eaoai^er a few particular caaea of tlie 
fraoMcisal fuootiaoal progxsessisi^ problem coasiSered by other xcaoareti 
workers ait4 the author* 

1* Agsexwal 1^1] t ooosidereS the foUowiois .f .P.?* 

malatse (X5 = H x + C'^x + pC C3.5*1a) 

sohjeet to 

A X 

X ^ o 

witerey 

(i) oyA are axl eolieaa vsotorsy b is m socf eolumo rmtOTn 

(ii) B is • rssl i^mstrlo positive »omi**defiolte astxix' orier 

mn^ .^ 

(U1 )* t* » ». «rt.lr arbitrary scalar oonstaiita. 

(iv) X + |i >0 



over Hie ooostraint eet« 



m& ijrovttd that tha O.P. cp , ia ( 3 . 5 * 1 a). is EQIT. Isifs m at# 
that tha iapobl.«tt is a paa?tie*iljii* umm ef iswjblaa C 3 '* 1 *Sffl)* 

2 m Aggaawal, [_5 ] eo»8ider«4 th« pipehX«a 


Maxiaita <qpCX) = 
auhjaot to 


c'x - (x"h 

cL X ~f“ ^ 


(\X 4 W 


X : 5 ^ 




(3*3.2«) 




whesm all tha ajnahola $M aaawaptlOKs asm m in irohlam 
Aggiixapalt undar tha further aaounptioa that tha oat of faaaibla 
aoIuticKia la ragular# ahoaed that tha aolutioo of ^ probla (5»9«2) 
eaa ha ohtainad h^ auothar eotivax peosrvming jp)rol>la»« Mt hero i't 
la aaaa that tha ahova prohlaia is a ^ajrtioudUir aaaa of tha problas 


(3*4«l)* 

3, laator [_22'] t oonsideraa tha following •?.?.*« m'ak&h art 

aora ganaral than {3*5.l) and (3*5*2) hut a*a iwrtteular ease® of tha 
^anarsl jnohleno eonaidarad in tha praaant ehaiitar* 


(i) 


Iftniaisa 



(5.5.3a) 


ladijaot to 


(ii) lliiacliii.iia <pQC) 
amlijaat to 


/\X 4 b 

X o ^ 

— X^EX— (X^IrlX) 


d'x -tp 


ft X 4 t 


C3.5.3h) 


(3.5.4*) 




X 0 
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iriasT# tlw aatrioes S and B are leepectiwly poeitlve 8«ad-4®flnit« 
and »ejg«%iir« «mi>«deliaite eads of order sim mA other ayabole aad 
assaaiJtiOQe are as io yrohleii (5*Sl)t (3*5*2)* 

fiVidwatly problem (3.5*3) is & partleular case of problem 
( 3 •1*2) wad problfltt (3*5*4) is & particular ease of (3*4 .t)« 
leaver » tinder Ihe aeeuaptifm that the oodstralmt set is rt^ulaTf 
the above problems (3*5.3) toad (3*5*4) can also be solved by 


reduoii% them to o:^inrer pro^rammine probleme* 

4* Sera we ooneider a eii^tly more generalised form of problc-aa 
( 3 * 5 * 3 ) and ( 3 * 5 * 4 ) but which eannot be redtased to convex projram'sing 
problewi* 


Ci) 


Ulnl'tise cpQc)- 


x^HX -h6c''<^x)^^+- 

x'ex - Cx'Pxy'’- + (i'x p 


C3*5*5a) 


SUbjeOt to 


X o 


( 3 #5 .5b) 


(ii) IbudJiiae <pO^)=: x ex - (x^F x) ^ -e c''x -<• <<■ 

x'cix +(>('HX)''Vdl'x + ? 


Bubjeot to 


Ax 4 b 

^ ^ O 


(3.5*«a) 


C 3 * 5 *€b) 


ehere, the mstrlac V is a positive semi-definite netrixi in' problem 
(3*5.5)^ x'hx c ' x-h cL ^ o ^ x'ex -( x '^ x )\ <Arx-hp>o 

•mi lA la^em Cs.SJ) x'ex -0^'fxK4:x+.L^.^x'(;x+QcWV‘i''’^tp>® 
eHMir ^mbole wad emumpttone are sane as i» surchieaui C3*5<i3)* (3*5*4) « 




!• a«e that pjpoiolaM C3*5i.S) mM «» i>anio^a.«r «as®^of 

PTQblmm {3*t.l) maA (4*1 •!) 3f«®, actively. 

leaarfc 1. Xa proi»l«R C3*3«5) if «e take satrices 5 «ad f a® sail 
:?ia’^rio©0 and in sTOoloa C3»!>*6)» iht aiatricee F Ad 3 aa mill 
aatrices, we obtaia the 9*Ii*F,f ,P,y, of the type coneidetad by 
Kaatl Sworup [iai] , 

5. te aoe coneider the well Smown jaroblA of rliow 

that eoat of lt« veiy Saportaat sod iatereetiat; resulto follow oe 
particular oaeea to laiore general theoreaa proved la the 
chapter. A Ii*P«¥.?*P* Is stated as follcwst 

OptialA qp(xj = — ^ (3.t).7a) 

cL\-t ^ 

stdtjMt to 

A X ^ t 

X ^ o 

idieret 

(i) Syi^ols have the seat seauola^js ae .already exi^aiaed* 

(il) A fialte madMM Acurs at a f'ioite polot of ttw» set of feaiitihlo 

Alutions (3.3*7b) ihleh Is aasuaed to be bomded Ad aA*«ffiipty* 

(Hi) d X 0f 00lutioi!!S# 

If «e set f(x) » c'x eo6 t thenws see tuit in C3»$«7a) f(x) 

Is both a CX m well m a 0f fOBotlA* Timm ths 0«f • in P 3 pM.m 

ccv;, 

(j.S.t) is mmM that it is #ie ratio of a ^ Ot^tmaUm. to. a 
Btrietly foeitivs lloecr fteietiA. Sberefmrs, hsss wm a particular 
•mm «dt prMliai (3«l«id) md aoalofous problA ih Seotioa Xf m hwcrs 
i» •Mitioh to other r«e>d.ts dedAihls fro» geoeral oaASf Hie MiXmmm 
Most iaterestiag propertiMi idl if.JfmWmWtWt 


CS.S.th) 
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(i) dwmiy tmtil misiimm. <p «nwir i» Am a 

i;3Lo3»ia. 

(ii) Si* sat af ttewi at vMate cp tA»9 m Iti giobal mMmvm 

{4v:s35,t'axiHs) i« « QOHvax a»t Maty thmwAumf if tal£»» » 4t« flafesl 

immimm) «t tm Mftevmt pototwy tl»a it tiiieia «i it® glo'fei^ 
{mmciwm) at act lafiaita iwuiiMir 

(ill) .If cp %*!»» m itii glittiA . ‘ aXTI iii'jiCi at «a .iate-rioif i^Uat 

of in* osKMrtxmliit 8tt, tiMMi it im ttmAm* 1iiieH»iiilk>>ut tli« omiitralxit 

m%m 

(iv) fiat 0«f * cp t«lE:*i m it« giolaid Mmlmm (swxiiMi) at mm me, 
mmn of tbw txtx<tNMi i^iato of tte eoavtmiiit o»t 

A olijjOtljr awro gtooiral fojwi ef lut ,y«l a tofjr apooiiil 

of liM tMJtwfmf*. cmAdemi. in mAm nh&pimr im e«isidoxii4 tj 
ftMiti 9mmea» 

cp (X ) ^ r/x (3*5 «©•) 

■atjioot to 

^ o > ^ C3*3*n) 

wlatm itt (ff9» 190] it io oeimwt IHot aU gj| f«r i €. i i» tif« emmix 
faootiosa®. It to oaolijr »•«» tli«* m roatilt® ^oeolt Of K««ti »mmm 
Stt ^Ulfl!5©} tA%m m portiettlsir oooto of tbt proOloa of #F*1R» 
oo»oilM« in tOi 
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MW 

mm r'.'>-c-v'.r:i!:,'-;i: m -BXfLmm (<3ifA55i-<5T:?::x) 

iOlB 8TRC3HO PS TIDO-CO'M fOSOflOISl MATURS Of, mOTXW, 

4}'j:3teiss?s, SAfiOTAi. :pcf?srs ahj) eoi'«)sraioii m mwU’^um 
£U.:otnar:^t CHARAOfiinsAficii m new moasjyiMBttt ?'rr;:^' -j?! 
mi} ocjitM fHACticMAi. vmofimxSi masj&K’Tii 

Kitomtly mmA fttlmtiCHei hm iMNaa pmM. to tiM oXaoa oC py 0 &c^ixsSj&^ 
pvtMmm «Moli mm mm eeaoxol tlMD ooomix pvogMMwdUi«* ' Mvtm mA 
fjaUwvm [pi f ma& farm liowlea wad Qsawo \_T\ , diacusood eortoin - 
pro^rtioe mi 0 moA 0 ftnotloiaii oitfo mpmiml mtmrmmm to opilioationo 
to oBkd BoimqokLoo* lanfcMBortoa [1493 totn>dtMH»d tho iiiw of 

KM moA Wf finetloiio ond lovoetigotod scsno of tteoir proptrlloo JUa Hw 
ooatNKt of ai«f«F«*o« iolo Hosi^io [l5t>1St*3 lavowtilptMl Hui mmmmiey 

• fiM lottioor mmtmA tb« roiocdat of mio popox tmm fmt* ielo te*toot' im 
Mtily, 1969t olioii W» ooxlt cootoioedi in tbtio IBOoaio two aLxoatif floiolwd* 
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and aafficimt conilitioaa ta taws of QX (iSf^and fwatlms 

imdsr wMoli a Sl.lP.f. with 14n«®r eonstrnlats eottld he solved wit& 

ttie help of a tecbalque sljsll»r to *il«plex Method* • 

file snacpose of "l^ls ©hspteii' t® to esteblish eortftto 
I>*oj>«rtios of fmdaswatal iaijortjiace of saCl!"V) mA BrGX(.’-Si-) 
functloiis and Indefinite Functional Tmismm and Fr.5«tiMal 

f UDOtional P«»<sra«»8 oonsldered in earlier chapters and a<ra» aor« 
gwiaral ll.F.f.»Sf as Kxpliolt Qaasi-Oanoavo Programing fwhloaw 
(B«V.P.F«} or Ixplicit Quasl-Coove* Prograsaing Probleaas (h X.P*?*) 
and fiSttdo-Conoave fro^wawiiag Irohlew (P If P‘P») %audo-^oaves 
frogra»a»lo« Prohlens (P X P-P*)f W aaSdiig a aystenatio atady of. to* 
nntiars of prodoots* qnotisnta, rational posers of CXL fanotioos wad 
ooapoeits finetiiMfts* A tern ns* co»epts of Strong .fasiido-Coiarax 
fsaltly OowvsiHfeilte ('KCiit), w«aidy StrcMOt,'. Posiido«<simr«x-lilto (>.'>. -Ox. -i) 
and Qwsi-Convax-M.s (q») rsiO. -valued, diffareatiahls, oealar fanoti«i» 
haw hson introdweed sad thsir relations amm thsawslvso and «ith 
alrsady saiatlng claesss of CXi funetions havs how sstabllafeed* aflBX 
fnoetlons hsvs hsso dsflnsd on a convex set shersas for mtixOnd o«»r 
fumtiona, the underlytog donate need not be oonvex. It is mm teat 
ths cooospt strong pseudo-oonvexity is stroogsr tean peeudo-eonvoxlty 
bni staler then convexity. Also «» attsapt is aade to oharacteriss a 
^ fractional fuootianal program as Convex arogrsns* 
Althi>ii#i tl» theory dsveloped la this i^pter is act directly eo««#»^ 
mte me eoapHatioaal teohaitnss. yst It is M fwidipieati^ teporlsiioo 
in dsvelofiag la *•** <diaptsr, a naaerteal nsthod -i^pteai 




*mvtm of Ifoaoibio MroctiooB [ia4f185] *, for a ©laos of aoa-cooirox 
pray^emaam l>roi»lo»8 m& a finit® it«rattott taclmique aSailajp to -Uiikt 
of loai® \jt5] • fcBP otetaSiiiiag 1ii« global for anoiSlir of 

iMm«eofiir»ac psogvmmiag prohXm.* 

ft® ciiaptor io 4i'»'id®A toto five seoticwi®* la s«ott(>» t eertala 
thsorijss of fwadaffliatid laportaoo® ropa^isag SQX(Rrif), aX(Cf) on^ 
KlxCrct) fuoetioa® ar# proved* Seetl» II ie devoted to iaveotigat® 
oertaia propertiee of aewly defitied f'uastisaia.e ai^ed a# '.-CXi»t 

WSHIXL mA mi> fuaetiaw. Seetioa III deale eift a i^ratewsi© etody 
of tile aeture of produotOf ^'UotiwitB* ratiooel powers of OKI* fwaotiaae 
ma ooapoelte fuaeUoae* In Sectiao |y,probleas of I*Ji.I*F*P*t 
studied in previoue ehapters and eoiae »ore general 
tieve beea efaaraoterlaed «» wr*F.?* and ff.F.P. (pjc*f.?*)* 

tWMi aleo been eheraeterieed as * -^tronj; .Peeudo Coisvea 
fn^raniag .rrablea* and IiJP.F.f.F* le stom to a probl&m of stroaag 
Pseado-Jjwiotoiljc Irogresodjag* In Seotioa f# an attest 1® aade to 
bring oartaia problecis of fraotiWEiol fuaotioBal japograsanlail and 
indefinite fooetionid prograswins witbin ft® fraaewiMPit of ©osarex 
pr9g;t$mam* ®bd «od intereatlng reesalt sncoetd in ftin 

eeeticn la that the ratio of fte «iuar« of a ii«&-«egativ» OX ftaastion 

Ca’A»t4% amJ* 

to a etrleily poeitlve Of funotioi (if fte^coseave fwotiofube linear 
<1^ eenditioa of tPMiwaeipiittvily' iwa OX funeti*** nay be^owlttai) 
le a OX fiwoUctt# fhl# reealt belpa in redoeiag eertaln iiao-<toiw«« 
prograna, eoaeideifed In ftia •eetlao, to mmfm pro^prea*# 



liottt. thl9 ebai^er 3 will danata « coiivax aobawt 

& 

of H y haviog at l«a»t two pointa. 




Bola Jartoa [iSt} y aaoB*^ othar reault# prowd tiiat* ”lf a 
fuQotioa cp idildi ifi cootinuoua m a aoa*e»Ftj eorspact oonvax 
pol^odral BOt L OB® be SQX m !»$ then eveiy loeal mlaimua of 
over h is global toinimn aleo* ISbio *es»At ea« be imprared sa in 
fheorwsi 1 below* 

fheoxea t* If a cootinuoua fuoottoa <p be IQX (BCJf) oa ll t«e» <r»e*y 
IcNsal ainiaua (imKimai) <Kf cp orer S ia a i^obal (oiksIwr) 

alao* 

fzoof. IiBt UB mmam ■Hiat cp ia W oa 3* If poaeiblt, let ■Smi 
aaBertioa of Itoe ISbeore* be faleey eiwb that if Xjj€, 8 i# a IcMsal 
: 3 ltiiam of <p and (j< X^) € S la i* a global aioimua of <p weaf S, 

we iMore 


cpCx*) > cpcx#) 


(4.1.1) 

Oooeider = :xX* +0-» Xo f «wp all (4*1.t) 

Siooe 8 li coovtix* therefow faar all l€, X€S. 

UalJig Itoe explieit quael-ooovexitjr oi cp ower S, m get 

qpCx>) < ‘vvvo^ [q?CXo). cpCx^r}] 


lowi (4.1*l) aat (4*1 ylali 


(4.1.35 


<pCx>) < 9CXo) 

to be a loeel *lal»iMi <p owr f , aai <p ia 


(4.1.4) 


lot €. 8 ie 
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emtinuous or®i* S| therwfore titesw #xi8l» m S.-n«i^lJou 3 !ii 0 Od«/y^CXo) 
otf X^, 8udi ■Haat for as ttPi5rojwlo,t® ralu* of :^ £ 1 ®»^L ^ (4*1 *2) 

It to alway* jJoseilAe for uo to cfeooae X t« such a way that X £jy?(x.)f\S 

^ c> 

.^yi4 

cpCXo) 

Fvoa (4*1«l^) «ad (4«1»4} w« set tlmt (4*1«4) Is a eoatradtottoa* 

TQius llttt reatiLt follo«sa* 

Siatlarty whoa cp la BQV» it oaoti he pxoved that evexy looaX wi*^i3R» 
of <p over S la fe.Iobit^ Mxlaua also* 

for & Gcmvox pro«,raaalng prohlem (l*2*t7) it la stated la that 

the eat of those points In a c-jovex mtt at which the oonvex 0*F« tnScss 

s 

OB ita slohal slnlaat la a oonvax sat* ®iis reault eaa he improved aw 
lA Thaoras 2 halos* 

fhcwraai 2* If a oontimouw funetl^n cp he GX (Gf) on 3t 

thoee of 3 at which cp tdme oa Its ^global atiniaua (aiaxl-ow) over H, 

la a eoBvex eet* 

froof • let t«B seaww that Cp la QX.| and let M denote the twt of thoee 
pointe at which Cp tahaa oa Ite flohal If II is empty or e 

eiB^etOBf then M is trivially a eonvax set* So* lat as aeauM mm that 
X^,Xj, X, |4 Xj 2 art ia M, so that 

cp Cx,) = cp CXx) (4.1,i> 

cp ie m SB S* tharefoie# tor sill ^ £ ff-’Q • C4i*1«<l5' iaiA-iaw 

that 


[^XX, + 0“CX) XjQ ^ ^CXt) — Cp(^Xa,3 





fJlJMi* X^i Xg «ro poiati of gloMl aloiiMi, C4*l#?5 

9[^X,+ 0-:^)X5u] <9Cxo=<K^a)^® pos9ibl«» 3®oo@ f®r ®il 
ix € [Ofl] f •# hmm 


9L^X,+C-:^^X^']=:: 9CX ■) = 9Cxa,-) 

mi« l.,lifca tl»t €. i for all 2i€.[0|l'] . 

Ktneo V i» a oonvis Ml* 

'2hi |wo l^oroae «xtiM ti» rarolla {1*2 *21) oskd Cl*0’*22) af 

•CoGTox lo m r>j:%jrsfiaia 4 S in isMoh Ihe ob|»cliv» 

fMoliim aasr lo 

Timonm 3« I# t fuBclim <cp Ihi SQX(]?'??} ortr Kb® ««t J:i> 

«na if II allttina ila ilobiO. aMd J i u n (rdai-'tsas) at an infearior point 
of S$ thm it ia eontlanl in 9* 

Proof* Ini m mwimi that <p to 1«3X m& ia not oonatant in i* 

1m m intorior point of S tmit tbat* 


<PCX) 


•YwO-x 9 CX) 
XQ.S 


(4*1 «S) 


Ho nawMipti^ cp ia not wmmtmt ia s ia^iioo mat it ia poaaiblo 
for iM to IXoi « point X|(4iffojw«it ttm X^) Sa S «wdi that 

<^Cx.)< 9CX*) C4.t*9) 


Xoi Xjj to aHOiiior fwiat la 8 oweii liiot X^^ j< X^» X^ / «iA 

<^CX|I#- <?CXj|)i *»* 


^ X| •V-Cl~ 0^') 


fm «1X ^ o^\\_ 


C4*t*t0) 


Sinoo Xg<£- 8» «!•••*•«•§ 'oX^» ^^*1^ • ^ 


Ill 


In tlm tovmv earn m have m laaiejUig u«« of (4 •t . 9 ) 

( 1 ) . < ^CXg) 

e&e3?«eui ia the later oaee «• have 

(2) . either (a) q?(X^) <9(^2) 

or Cb) 9 (X,) >9(3^2) 

Shue in all we eaa l^ve any one of i 0 ie following two autually eaaelusive 
poeelbllitiee* 


M* 9 Cx,) <9 Cx«)| etoea either (i) 9CXx')-^ 90^-0 


or (it) 9^x^') 




f-t* <p (X^ >9 i\h 9CXx) < 9Cx^) 


C4.ni2) 


AeauelJQg that B*! exieta eeii aakinig wee of the fast that <9 l» 
over .S« we obtalh» 

9Cx^^ < 9Cxx) 

whieh i« a oontradietlm to C4-1.lt) 

8ii«lla*ly ehMi we aeeme that the jioeeibllltr im aoclete* expiiolt 
fihwii-oooverll^ of f -wer 8 givee 

<PCX»)< <pCxO 

**t* <dt im m eontraaiotion to (4*1 .9) • **8i»e the reeult followe. 

«!• xeatat ie prove* when we asstaoc that cp ta BCIf over 8- 
fbeorea 4» if Hm aet • be 'boonde* aleo an* if a eontinoiai fnoolioii'cp 
he 8QX(8<3f) «V«r 8t bbM its global aieduBne (mmmm) will be tete on 
at m» taf mam wttwMoe folnt© of S* 



flroof. Imt b» BQX(Bqf) over S* Uatag 3 •bo’ire osdt Tmie-'mt 

1 and 2 o£ Ohapfr 2, the resist follow®, followlag axao^jr iidhe line® 
of proof of fbawm 4 in Ciiaptor II, Seetloa I. 

Bmexk 1. Althoujg^, la thi® ■•ctloa, we here eetatolieiied Itat wliea 
ie KQX(B4f ) orer a ooa-eapty eoapaet cfflaro* ®®t S, then it will tato 
oa it® global waxlaiiw Ctfilnimm) at or aore eottreae poiat® of S, 

jfet It la not poeaible to exploit ihiB fact to develop a eoriiputational 
teohnltua typical of »Slaplex Siathod* to find Hie global •■o,«iati 3 s 
(laiiiiraiiffli) of cp , elaoe iba well known '^idjacaat Sxtrenm ^Isthode** 

do not aeeeeearlly yield the global aaxiiiuB (amimni) and in our oaaee 
it ie poeelble Hiat <p any take on its local maxlaam (odainm), different 
froi global na xtw ua (nlnisuoi), at an extrean point of ^e eonetraint i^t* 
However, to obtain a local aaxiiiaai (ainlima) of cp over 3, a 'slmplexoXlke 
Technlqiie* oan be developed* Ja mm Him fnaotion cp be both and 
over S, then it le possible to obtain tbe ^global optl«H» of qp over 
B, eitki tbe belp of a *Siaplex*liike Itoeedure'* 

We BMew ooneider tbe following I*?*?*, 

mniaiae <pCX) x C 

where f cz S ie tbe eet at feasible solntiana gina by 

P= i CX)4^o, I €M^ 0 .=^.— -v’-'3.X>«>,X€s| (4.1*14) 

IteidL, Iiell it Oettli \1403 ^ t i wet ia ittg Ihe fmantlocui «ad g|^i H 
to be eonrex eoneidsr tlW' fblloeins einplif led sm&mmm ptoblsat 

mniaiae cp)CX) X € Ru 


(4*1 *1f) 





lU 


R. = { 

X 

■> ^i. 

0<J4o, 

OCj J.., 


Ntf, =. j 


-» 

Cx:> = .'j , - 

[<■ 1 a 

l(-X;<o j 

No. = 

H- 

Nx 




T<o ^ 

[i 


= , Ix = ( 

i i 

>o} 

1) 

h5 



> Jo. - J 

- Jx 



iKul jvovttd that if ia aa optiaal aolutim of (4*1 .IS) than It i» 
alto «a optimal aolatioa of pxt^ltm (4.t.1S)« H«x« «• titm that ^ 
rtault atm hoISa if m aaauaa that tha ftnetioo cp ia SQt^ m$. 
all tha fiaoetiona i € It mm iSSC.* 

fv 0 of» A»amm that ia ant. aa nitiaal aolutina nf (4*t*1$)| itei 
thaiw axiata a poiat I with oc.^- j To, f 0 for 

mo& (^(l) <C ^40 for aufflolantljir email ;^ ><> t aa have 

g [:x X + 0-a:) x^,] ^ o for all ^ 

A Xj- + Ci-^) ^ o for all ^ €. J" 

aoA Imaemm of thta axpIlcit'-qiMol ocMrraxitjf <tt <p t 
<p[:xx +0-A) X*] < <?Cx*) 

aiiiali ia a aoatradiotlm to the foot liiat JE^ la a #ot>al MalaiuiB of 
C4«1«i15)» Hama the moult folloaa* 

iaaMXic t« Bta eoavarae of mhma raault ia obviouwlir not true* A 
aolatioB of <4*1 *1$) oaa riolata aoaa of the 4roff#4 onaatealata of 
(4.1.13). 
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sr^C23:-.'r - n 

purpose of this seotion is to iutroduos * Strong 
Cowe** fuootiOBSt *f solely CoovexoZiike* fusetioast ’WsoMLy Strcwsg 
1^eudo-CoavoxJ_ funetione afld <;'tMuil-Cf<M.vsx»liilcs fuootims «ad described 
sons of l^jLr props'rtiss* %kis class of i^l Strong 
functions has hsna dsflnsd on a oanvex set B e»d it ificludes His olass 
of all diffsreatlsbls eonrsx fuaotloics oo B and is Included is tlui 
elaso at all pssudO'-eoairsx funotioss on S» An intsrestlag property 
of atrong Fseudo-Conrox fisuttiona is that a l«»sl eonditiosf suc^ 
as ths vaoiadiiiig of the ^radisstt is a global optinallty oonditi^i^* 

0ns of ths aain rssults» iduit sasily follows txm [t48 t Ihowoai l] # 
is that ths £uha»fucksr dlffsrsntial eoaditions ars sufficient for 
optinslity when ia a His Q#f • is strong pssudO'Kioimoc aoid ths 

constraints art fuasi^eonvese* Sines the class of strong pssudeHconTSX 
ftsastiOQS is incliidsd in the class of pssudo-coirrsr fuocticxis* thorsforst 
ttuiy madefy all cthsr properties txt ^^ssuio-emvex. functions also« 

Anolher iaiportaut woxit containsd in Hiis ssctlon Is to provide an 
sltsmats. inroof for His proper'll that far a pssudo-^oimix fvmtim 
avaxy local adniaani ia a i^ohal aiaiauii* Hangasariao [1^] t proved 
fhis result by aaddng list of the property Hiat If a funetion is iweud. 0 * 
cCBsax than it is strictLy ^^aasiMionvex alan* flw aaln feature of 
Wm altsmats proof providsd in Has prseant thesis is that it docs 
not Males use of ths property used by Mangassriaa* As a a&amqtmaaa 
it folleiMi that tl^ property of every local mlniaua hslhg g i^ohid. 
minimun ia possswad hy psaudo-conve* fuiwticaa as their aasi rt#it* 
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A fuaeti,.>ii mn&«T suitable ai»suaptime la liiowa to be e 

ets<i»g paeudo-omYex ftmetlem* 

Diet 0 be s ecjDvex street CKf ea oi>€» set D c: B • a^^iielielem 

8i»aee» tmt & d B He aaotlier aet aeewid to be Qoa^esKwex* ’■''& bow» 

% 

under the e« 8 UKt|»tiO 0 stated in Chapter X» define a fuaeti.A f € C 
to be 

(a) Strong l^eudo<^OKnrex over the eoneex set if for 

mmvy and X^ ^ 3 a rs«I| sealart sin## vaXiied function 

> 0 ^ dopesidiUt, on the ordered pair and on t$ such 

that 

CX.-xOVxiCXa.'i ^ '<Cx.,xo\_K^O- Kxo] 

(b) Cx) ^eaidy Conveu-Lilfe (wcxb)t oirer the set Cf if for mexj 

Kxo- (X.-XOV^KXO 

(ii) t’eaidjr Staroog ?seado«C!oiaver-Liji.e (V3K;ilf)i over the set d» if 
for eeexy X^t in 0| 3 a reeXf sealer t sin## rslued funotiOKt 
K{X| f X^) > o • depending on the ordered pair (l^ » and f such 

that 

(X»-x^) ^ V;Cx,^X;^)^KxO - fCxa.)^ 

(iii) (QXXr)t over set Cy if for sli c d 

^ CxO *4 ^CxO Xa.^ i'CXx) O 

>0 K^o ^ K5<a.) 


or equi1^«lentlJr 
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«l«£in« « funotlm £ to 1>« Stroug fooudo-Concsire 
I'oatty (tCfli), loakli' Stjroog ?»*u4o<«€oBcaw-Mte C^T-.?CTO)t 

mA Quasl-Coiicave-^lk# (Qfli) aceordlag as, «£i 1» SKJX, miLt 
mi QXUm 

t* iteii 3?«lat» mm the four new type# of ©ouireadtty to the ^vioualy 
eetehlialied notloas of oaoeexlty, peeado«eoav»xlty aad %i*aiii<-oc«i'v©xll?y, 
and anong theaaelirea* 

lirat of all «• talca up BFDX ftnetlma for diaeuaslon* 

Property 1* If <p ie OX <»i B, thm cp la SICI m S, but not eonrerealy* 
Proof. Bfaea cp la 02 on By thojrefore for every 2^ «a4 2^ In S we have 

Cx.-xJ ^ 9 CxO - <PCx^) 

= V.Cx.,Xa.)^<pCxo-<pCXx)] 

iidiaTe X(X|f 2^) » 1 > 0. Utia {H^eeiaely ttoam tbat (p ia SI€2* 9m 
eotiraraa la not noeesssariXy true o«n l>a aaea frosi the example 

^ > ot,,act 3^0, ac,eR.,Xifife.. 

X, + M Xx + X- 

2 1 

wtiloh ia SI02 on It Iput not eonrax • 

Property 2. If cp ta^ SPCX on Sy thm (p ia ICX an By but not 
omraratly. 

fmmt* from tba daflnitloii of S70X fbnetlon ae obtain 
Q^i-'XoVx <PCxo>» cpCx.) 9CxO 
for ovary X^ in S. Ibia mreoiaeXy tepXlea tbat <p ia l€X» 


t* Iroof ttHit a £<tf ia. SiOXy ia availiy^o in tHia naxl aaatino« 



^lat tlit Goawx'aa is not mcssearil^ 'kiiw ecm i>» sem tx«m tlio S3t6n|‘l« 


9CX) = 


c'x -ho^ + fc'x-l-oC \ 
cL'x + p V dL'x + p / 


( 

for 4 3E ♦p> 0 over S aM other ayaboia having the usual, aeaoin^* 

Here cp i« K:X (of eouree HSV also^) but aot SBQX* 

||’Uvvci>iotv 

Hemark 1* (i) From ITopertjr 2 ^ore it thus follows that a Si^X^belng 
FDX is also SQI, BOX and QX on S. 

(11) ssi». . i»r. imfTM ttot if OB s, <^p 1, ssci, Itjroi Am,, tht. 

iapllss from [»4« ] that for a l.P.F in which ths O.F. is px a»d ths 
eonstreints arc (|X» ths K'uhn<«>!2uclEer differential eooditiOMS are 
suffieiwtt for optiiialityy «3d that a strict oontsrss duality theorem 
holds for such a ’i.F«Pt 

low «s talM up fmcti^&s for discussion of tbeir properties* 
Property 3* If <(> be VCXX. over Q, then it is (wsFCXi.) on &, hat 
ths coorsrss is not nscsssarily trus* 

frocf* frott ths definition of fCXIi funetlott as obtain that" 


(x, - Vx <p CX 2 .) 4 kCx.^ X i.^ [^C'»^o - 


ilMirs I (l|i 1^) • 1 > 0* 

IMS ispliss that <p is (wsKSXZi) cn d* ths eomrsrss is not aecesnaxlly 
true ean be seen froa Itis fellowiag mau^om 


9CX) 


Rx) 

K^) 


I • Itfoof^ that . 9 ^ ^ ^ ^ fouadf as n opecIM 

SMWf of a gsoeral lheoren» in ths last «b<nptsr of this theeis* 



f is lOXIi saa g.is "eTl, on S snS f > 0# g > 0, in whioh 

is (sspcn)^ Imt aot wcxii. 

l*roj»irty 4. If cp 1»« (I'SKJXI.) on 3 -tfeati cp is BCX c« -3 tout tils 
oenverss is not nticesssrilj trus* 

'Fro&im fTim til® definition of (‘‘.nfCX'li) functloa ws ototsiii 

0^,-'Xx.)Vx<pCXa,) CpCXO ><PCXj.:) 

for wry in 6» ‘Bm cowsrse is aot tr« nay to® ssm tlio 

folhamijaa oxaapls* 

Sot Q = X ; XCR 

<pcx) •= X + 


Bsitoir ws now ststo tiro results vtoinii oea too sssOy proved* 
fropsrty 5* If S ttosn a (wsKIL) f motions on 3 is a SK!X 
fmotion m. S moA a €IIi fmotim on 3 is a €X fonotlm on S« 


» — fmetltoto- S-lf ,^or 






Isngsserim |148l « for 1<0X fmetims dsfinsd on omwx sstf Sp 
provsd tlis j^XXowiae loost iaportmt propsrtj* "iirsxy loeal stolsoat 
of a ICi ftsaotiont cp $ emr a oonvas astt S> is a gXotoaX ainijnia 
siae*** to prors this proportyf Msagasaxianf howsvsrt aaJess uss of 
ttos pKipsrty ttoat» m a sonvsr sat ovsty tOX ftsmtion is i(3X* Bars 
isi aXtsroat® inroof , witliont using 'i^ jnropsrty tissd toy Itmgimmirhm Is 


providsd* 


3« froof, tikat <7 is (wsKiXIi) mt^ too fomi in tbsortoa € of 
Usotian XXX tx£ thim oimptme* 



US 


fjmf* It |>0«ail»l» l«t € S b« a looai atuiai.^ and (/ X^)C H 
li« a ttialinai of Cp ovor St stueli that 

<PCX„) <<^CXo) (4.2.1) 

Since the fuse t ion <p i« KJX, therefore » (4.2«l) lapliea IM&t 

Cx*-x„y^;7^<pCXp)<^ o 

/ 

i'.fi- [yx<I^CXo)] (x^-Xo)<® (4.2.2) 

(4.2.2) iat.Qlle« tiMt there exiete a direetli.«i X-.*X. at X^ aioot: 
vlileh the ftmetioa cp diKareasMBe in the fnaei^boui^ood ^(x.) «^X«- 
Sie aet S eoenrex muSi leing in St ispijr that ee oaa haw 

a iioint X^e X^<e (X***^) helcBBgiag to Idwi eat (X^) H ^ for 
however enaU. ^ > Of that 

< C^CXo) 

ediieh ie a emtradiotl^'n to 12ie feet that X^ ia a Xooai ainSmoe* 

o 

Heoe# the reeult foilow. 

SKSflOM *111 

SAPORS m isosacfs, awfiKSts, samsmas m c^-nronisi ' :; 9 

COWSX-UlOi fUSGflJ^Sl 

Xb ittiis eeotioa «t ehaiX etadl' exeteaatieaXIjr ikm aature^prodmtfit 
fMtticate and ratioaal fowen and ec^^eitioae ot oenwnHlilis ftnotiiMM. 
fm emmmidMm* mm note that thxoi#ii'->ot fhie <^kaptert S ie to dwoote a 
eoawx eiilMMit of skmI 2 a suxi-emvex eidiwit of 1^. 



mamsf of 


flwoxvBi !• If f a&A g b* 6V ckb^ oott««»gativ« fmiflitioBs m^r S| 
tlMtn fg is £<|7 wttr S« 

Ftoof, list i-Cx)^Cx; XG5. 

Without mf loss of gonerulit^ m ssauns that tor mf ^ 

mtimSyirn* ‘p(X|) / <P ^*2^* ** 

9 CX 0 = M*l-^< 5 CxO^ <^CXx)^ 
ion for «11 €. ^ 

<|?Oa)= 

i«i»wi Xj^ ^ :xx» -V 0-3^) Xi, # foif «11 

Using oonearitjr sM aon-osi^tivitjr of totiai f aoid g m ottain 

^ Cx*") ^ Kx <) + 6 - Cxx)^^:v ^(x 0 + C‘-x)gCXi.)^ 

= ;v^<pCxo o-xf «?Cxx)+ xo -x^^K^O^CXa.-) + Kx^) ^0<,)| 

Usiag (4*5*l) «w f^ftiii fitns C4«?*2)« 

<?CXa) - 9 CX 1 .) ^ >0-3^) E 

»ai*« E = i^Cx,)^Cx^) + Kx^^^cxo- a.Kx».)^CXi.) 
in Tioir of ( 4 * 9 * 1 ) '*• eoooiisr l^o f {^lowing ossts «Mil|r* 
Ci)Kx-)>iCAOj 3 Cxo> 3 Cxo; i<X)^jcxx),^(xo> 3 cxi)i 1 

i CxO > KXO > ^Cx.) > %o^> • J 

(ii) KxO> JCXj-) j ^CXiX ^CXv) i-Cxo ^ f CXi.) > ^(Xt)-<L ^(Xi> 'T 

Hx.)>Kx»)^'^CXi)g:^Cxo- J 

(iii) Kxo-c jcx»), ?C5^o>^cxoi Kxo6 ^cxi) > gcx*.)^ 

K>‘0<Kxi), ^CX0:»^CX*) 



(4*3*1) 


(4*3.2) 

(4*3*5) 


(4*5*4) 
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Sow 

E = ^CxoJ (4.3.5) 

^a;ia tydyag (4«3*l) into eoasitemtlcn ww li&v« 

E > ^Cx.) ^Cxo + I Cxo ^Cxo - KxO^Cx,) 

- fCxo] 

In t1«w of (4 *5 . 4)1 (4.3»5)t (4*3^) and th« non<.»egativitj of botli 
f and |j; orwr r* «w asawrt liiat S ^ 0 or 1 > 0. 

»«», from (4*3.3) w» obtain 9 Cx>) > <{>CX2.) ( 4 * 3 *?) 

H«io« (4.3.1) and (4*3.7) ;)ria].d 

> H -cw cpCXx)^ 

i*a. cp ia sqir on 3. 

Mmmxk 1. fba ftootion fg idatob la i»*owad to ba SCIV in Ttmoroia 1 
abovtt o«a ba dboway uaa«r tha oME^ftltlooa of ‘S^baorwa 1 to ba Q7 
1 ^ 00 * 

tanrlc 2* fa oao pirova alaiiarl;:^ bha Ibilowlng laara raaulta t«i*ulatod 
baXow la fabla 1. 

fAi» - 1 


f 

if. 

Cf 

Sf 

ox 

sx 

ox 

m. 

Of 

Of 

Sf 

3f 

OX 

ox 

SI 

8 X 


>. 


>0 

4® 

<0 

4o 

<0 



>0 

>0 

^ 0 


C. 0 

CO 

fi 

if 

Sf 

Sf 

OX 

OX, 

im 

31 

ox 

IOC 

ox 

iX 

Of 

Sf. 

Gf 

Sf 


>0 

>0 

>0 

:^0 

^0 

-<10 

<. 

4o 

<0 

4® 

<* 


>0 


>0 

fg mt 

BQf 

Mm 

mm 

sof 

m 

sof 

BOX 

iox 

BOX 


wm- 

Mi 

SOX 

BOX 
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'SBiwtmm 2* ii ^ j* (l> finite) am strictlj 

i^osltiire aoiil eoneaire f uoetions m tlie eet St tten tlM f onstioti cp 
StflmS Ij^t 


(1) q? ^ IL i- 


d=, 

^ % 


(ti) 9 = X ] 

Ji=1 

integer^ 


t where t for — tP i» a aoti-eMSt^tlve 


(ill) ^ — X f etoere, for iw1,2f— ipit))li'^- lo a |>i 

4=' 


l>o«itlve 


iotogert soA (ii) ^ ie etrlctly positive over 


t ,v 

Civ) Cp =x \_^4 Y ^ * ’**^®*«* fPI «*« 


:v' 


respeetively noiMSAgative and positive iategerst and (li) eaxdi 
'A- 

U'l positive over S^ 

i.8 m over S* 

Proof* We here p^vide tjeie proof for pert (i) • Other ports om he 
proved eiadlorlj* 
liet for ei^ X €. s« 


<p(.x> =1 tCx) 


<l=> 


v^<pcx^:) = l^sv^tcCxolx i-.Cxo 


J S^] 


tx,-x..)V.<?Cxo = fa Cx,-xOV,^Cxj] i f^Cx.) 


(4*3#S) 



tlM ooiaoarlty and strlet »f f^*8 owr 8 

» ftr X,, Xj e a, 


(-X.-XO :3. 



K-C-xo] 



fjCxo 


9CXx) 


^aCXQ 

ivCXs.) 



— cpCxj.) ^io^c|)Cxo- 
-V q?Cx^) 

^ 

Oaiag lAffiaft 5 of Oltofttor ZI »• olt'baiii frtm C4.5*9)» 

CX,-xo'x7.cp Cx.) ^ (X.) |_tj<fCxo - 

fxKMt «bioli wo obta^ya, 

CX'-Xj.)'v^cpCxo :so => <pcx,) ^ i^C^C^x) 

9 Cxo ^ Cf CXj.) 

i«o« Cp io • HJf fimtloB on S« 

Mmmk 3* St em bo mm ttm (4«3«10) tliat funotiae cp 

aofiaod In 9aoof«i 9 ol»ovo io W oXoo* 

'Ml ROW 'ti^to *00 rootilto IR lysw fmi of oootidJjucdooi tliSoli mr* 
liRWNIlRlMi dodaotioni JffO« %boMrR» 9* 




CoxfiAltuqr 1* If (t) _ C^ii > a® eoluc® 

irmtov for — ,|> (p &«tag fiait®)! (ti) j 4«1,2, ,p 

le-aa m^itvary aealar ocwistaatt then tSie fanetioi <p gii^a hy 

cpCx)~ (C| X +*^1) ^ Cj^ X +■ *^0 C.^t»x ■+■ °^>} (4*3*11) 

le »CT (q?) over Sf isroridad «ww 8 * C^ X >07 for J** 1 * 2 »— 1 |»> 
Corollarj^ 2 . to fiworwa 2» tf • f , » gt • 1 fw 

than • fg i» KJ?Cq?) oaar S. 

Haoark 4« for tha I*li.I.l* cp « f g la CoroXlarf 2 ahovai tha 
fcaiowtog »nra rarolta ^l^im In ttea fabia 2 balowf oa® ha pro'vaa 
aaolXjr* 

fAWM 2 


f 


0? 

OX 

OX 



>0 

< 0 


« 

0’ 

OX 

cv 

ox 



<0 

> 0 

<0 

i 


fOX 

KJX 

m 


Beimrlc $• tot for 1 C 2, , 

K^) CX-(XQX) 

^CX) = ct'x - 0 <'hx/^+ f 

aiiara SfA ata wrt ooltoo rtot®ta» •*• arbitrars' aoaliar ooaataBtif 

fwft 2 ani 1 a«a rtidi. aianatno foalUva iMiatHtoftoita aatrloaa* tawli 



■&t OETdtr a»t nmh that I ttd an mil defiiMd cmaath f'itootloi.s 


onr Sf touted to etriotly positive 'tivrouilhout 8* 

I 

It asagr nm be observed here th&t bo'Ui f sod U over S 

'»>«'cei6aA.i-^ 

*» »■ -«>*,««• 

1 

Siatilarlj if «e have at least om of f aad ^ 0 over w« 

•vvc«44fl4i& 

wUl me that fg le BQtr but n&t^Wl. %tt if we let, 

iC>^> = c'x + -i 


■jCx) = A'x+ p 

«■» a.d, i »4 ^ u daflMd .boM, ud C X + ^>o. A'x+po 
over 8« Appljr'ittg -^e reeulta proved abovot here we ooaflrh that fg 
ie iGf aim* 

Below we BOW state {without proof) a 1Uieor«e whioh aooerts that 
if eao^ of the. eonoavs funotione f^ in <fiheoreni 2 above be reidLiieed ^ 
at^CiVXi funetioB defliuid on S, then cp givwa bp (i), (lii) noi 

(iv) ie m over 0. 

^Htemen 3* tl O^t (l> belof Ignite) are etriotlpr 

poeitive eoA tOT£> funetiom defined on fie eet 0, then the tumtlm cp 
defined b^- » 


(1) <? = i; k 

(U) = X \_fj f * 

4=1 

mm^mgati'm iat%«nr« 

Ciii) 9 = ^ 

<j=\ 


r V 

, idiere for — ,p is a 


I eibore for Jw1,2,— icu >o A 
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(tv) ^ \ ^ 4 1 wti®W(, for 3»1»2»— ~-*p iU^t 

4=1 ^ ^ 

ax* TOSpeetively aor.-negative positive integers* aad 
Vw' 

(li) strictly positive over S, 


le ICV over 0* 


Of !r'«o fyscfions 

Theorem #• If, (i) f be » CX(Cf) m& non-oegative faootioa over S, 

(ii) g be a Cf(0X) and etriotly poaltive function over S, tUm 
le Ml »3 X(bq?) fuwction over S. 

Xroof. I«et qjcx) rz X ^ J5* {4-3*12) 

«iiere it ia that f le CX end g i« Of over S* 


Without low® of generality *» «s»ia# 1^at for any X|» Xg eatlsfylag 
qpCxpwehavo 

q? Cx,.) rz VA<^ 

£«t for all A € ]o> ^ 


X^Z= -i-Cv-3^) Xji, 


f hitt we have 




CfCXa,) = 


-^C^-X) Xxl 
^ X, + (v-X) Xa.'] 


K-Xa,) 

Kxa:) 


^CXx) KXa.)^f^X^-VQ-:x)Xa.3 

^CXO 



C4- S-I^) 



OsiiMi til* eoRvtxlty aM aau-tMitsativity of f , mA oanoBVity ec^ 
otrict poalMvity of g error 3, w« obtaia from 

<^(XjC)— 9 jC^^obKxO O->)KxoVKxx)\^>^(X040-j^)^Cx j 

\ qp (^X,) - <5>CXx')l C4*3*t5) 

Coabinljciig (4.3«13) and (4*3*15) »» obtain for > X,-^o-;\3Xi. 
for all :x € c^CxO 9 CXil) 

9CX;»)< itexiaia [9CxO^<S2CXi.)^ 
i.*. cp ialOlorttrS* 

Slmilarlyt i^«n t l» C9 and aooHatfptlr* over 3 and g jUi @1 and 
Btrifttljr poaltlm or»r S, it oan b* proved ttoit cp = 1 * 

BOr flo S« 

«wirlc 6* (i) It la r»ry important to not* bore tlMit if g bo a 
atrietljr poaitir* linear funetton defined m St tben In fitetnm 4 
abovet ^ MB-eegatirltjr ra^atriotioii on f .i» not noeoosasy* 

Anotber reault aaalogoue to fheorwa 4t ia a» fcHenei 

* If f ' be a i3X(Gf ) ftamtion defim^ on S aad g be a atrlotljf 
poaitire linear ftinetion defined eoi Sf then i* 3al(Bc^) 

orer S#* 

(ii) Am a reigr epaoiai mm mm if over ^ e»t §• lee aaonae f to be 
linear aaoli that f ie bo^ M mm veil a* 6? on 9| aad « to ba atriotljr 
foaltiyo liiiMMr fMwtioa» tiwn tmm 'tbe above atated r«aid.t if foUiMtt 
that ik ^ immAM0 mUt i«t* a .toi ir. thie mm.t AH' 





fuoetioa ©ti S5 '-Muraim 3 ela '.toetorn \J 51 ~\ 9 i*pov«a ili to fee <M* 
Baaarie ?• It em to# mmtly prow! now that if f to® 

CX{€ff) oy®r 3 * g to® strioti;^ positive and C?(SX) over sCif g to© licearir 
theia coijdilian «f Hoo-negativity «m f is mt neeossery) thm is 

Qy wer S. 

BsatMk 8* W« new secord the Ibllsjwia-^ aaore re«ialts i;iwn la TeSile 3 
toelosf which can either toe deducsd trm. atoove cr els® pr«3vci a 
way* 

SABOS • 3 


f 

ox 

5 X 

sx 

OT 

m 

nv 

01 

cx 

.SI 

sx 

OX 

OX' 

*'Ci 

ox Of 



>0 

>0 

, n^, " 

>0 

>0 

^0 


< * 

<0 

^0 


>0 

>0 5 «» 

§ 

3 f 

C? 

s? 

SX 

ox 

sx 

01 

SI 

ox 

€I 

cx 

■!JX 

OX 

a CT 


>0 

>0 

>0 

> e 

>0 

>0 

>0 

>0 

>0 

>0 

<0 

<0 

<0 

■<.0 <.0 


IQI 

jsgt 

EQX 

xa 

EQX 

E<JX 

S'hX 

eux 

sox 

XQX 




Ki'.? fa 


S^SfjB-S'Ctetiaaaed 


f 

0 f 

Sf 

Of 

Of 

Of 

sr 

m 

ox 

0 f 

sx 

ox 

sx 

m 

Of Bf 



>0 

^ 0 


^ 0 

< 0 

<0 

^ 0 


<0 


Co 

<0 

^ 0 <0 

g 

St 

Of 

Of 

Of 

Sf 

Of 

Cf 

Cf 

OX 

Of 

3 f 

ev 

ox 

sx iX 


<0 

<0 

<. 0 

> 0 

>0 

> 0 

> 0 

< 0 

<0 

<.0 

<0 

<0 

<. 0 

<.0 <0 


XqX 

BOX 

ICH 

mf 



wm 

iQf 

1 ^ 

tm 

iof,. 

seif 

Ka 

icx BOX 


Thearew $. If, ofwir th® set S, f c 0^ tos a 8X(0f ) moA aon^nsgatiw* fi«i®tlim» 
end i € 0^ tos a CyCox) ted sihrietly poidti'vs fonetiont then Is • 

8l0XC870f ) ftiMtlw over 8. 

U% cp(X)^ fwXC8^ C4*3*t«) 

^ too 

dtosrw «« assuas Hbmt over 89 f is 0X sad BocHn«g«tiwc «ni g Is 0f sai 

'stilsiljr PMltits* 
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For msr two |»otat» Xg e S m hmm from (4»3*l€)t 

0 ^,-Xs,)Vx<?C>^a) = -^ \^Cx^)Cx,-x^')V^ C 4 * 3 * 1 ir) 

\|CXz)\ L J 

llsiau ooawoxlty and nori-ne,,;;?.tivity of f and strict positivity of 

g ovmr Sf m otetaia fr«i (4 *3 *17) 




Kx.) 


^c^Cxo - 9C.Xi.)~| 


= K Cx . j X 1.) Cxo — 9 ?Cxj-:)^ 


C4,3.1S) 


niOsrs s:(X* *X«) = o t d«p«nds upon ISmi osdmed pair 

’ * Kx^) 

(x^aXg) and tbs fwetim Cp » Esncs 1^« function io B?CX* . 

."isdlarly* if ws asstiaa f b« CV mi aQn<«c|;ativ« and g to bs 
CX and ctriotiy posltlvct tt is easily proved that is 'SK!? 

ca S* 


I 

Ksanadc 9» Xt is iatereotia^ to reoarX Inrs that if ^ ^ C ^ & 
strictly positive linear function m S.f Hien In !nteorffiai S adnee# tin 
non-negativitj reetrietlcn on f is not necesmiy* tfenas 
to fbeoren 5 wt inve the stiMilt as foXlowei 

**3^ f ^0^ m a CX(0V) fuoctim defined cm 0 mi g In s strictly 

positive linear finetlcn defined on S, mm is SJClCamf) over !*♦ 

Cii) ie m'vsry spseiJiA esse now if over set if we assoae f to In 

1 

liaesr stnii tbat f la botb dX .and 67 and slao f 6 d p and we asanas g 



1 

to b« otriotly iK>aitiir« liiaiaTf. -Kioo g e C i© both €V noa CXt tiioo 
m dodiuoo Hmt both 3'PCI md sm l*e« In this ooae the 

b&lmsB to the ctlaes of fmctiom* 

?:^smck to* ftw foXlwiiQt, reo'oXt© tabulated below in fable 4 cm nm 
be froved ©aeil;* 


f € o' 

or 

CX 

CX 

0W 

wW 

CX 

CT 

Of 






:S50 



g £ 

CX 

c? 

ox 

Cf 

CX 

CT 

CX 


>o 

<o 

<0 

>o 

> 0 

<o 

<o 

Vi 

SKff 

S’lC? 

S«Jf 

nm 

S1CX 

3ICX 

SiCX 


HttaMark II* Jlot for 

j-Cx^ = c'x + (x'qx3 V -i. 
^Cx) = dl'x “ Cx'wxj'‘'+^ 


flMxe iqpaibole here ^a» mm aeanlBg© «• in ^'taark $« etaodi tlki,t f C^) 
ie CX aeettted to be acK),<-iie^tlve and i le Cf eeiiutted to tie etrletljf 


poeitive over $• 

t 

Xt wgr sow be obeenred that f aa well ae g 4 6 ower S and i/e 

• © ' ' W 

ia IQX but nol^SlCX tvmtim ower S* SlaHavljr if we hwre at lei^t 
^oae of f and g ^ 0^ over we will obeerve that 
SKSX ever S. Ittt if we Xet» 


ie m: bwl not •VX^CC.SU 
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4M 

ore aa alraftSy axplsinai auah f ia GX and asatnad to lia 

H 

iMm^magatiira ovar 5S ®ad is C? aad as^'^sei to 1># strietly poeitlv© 
owr S* AJfljJiSi.: tile r ©suit a proved abov©» tier© w® cofifira that Vj 
is SICI also. 

BtSKdfe 12* mm atat© a tbeorea proof of whieli m line® 

of tbe proof provided for ^mmm 5* 

fMotnm <6* If ovur tb® aet Sf f be « Boa-negatlv© '5'-0XIi(''*’CJfTi) faaotiai 
aad g b© a atxietly positive ^C?l»(wci£i) funotlcn» tlMHO 1® a 

WSItJXI.(ws-|CTri*) fimotioa, 

HAfICSAlf imm$ Of A fUKOfimi 

^.v® too© itibat if f t>e a atrietly Foaltlv® OX ftntotlao« 1^»o 
1© not a«ot»@arlif a OY fuoetioa* But ImAcw mm prove timt. if 'f- be 
a etrlotijr poeitive K^ClCX) fiaaotltm tboii -jr* i» t0{PiTf)* 

T 

Iheoriai 7* If f le no SOXCkqY} and •triotlf poeitive funott a defilPd 
over tb« sat Bf ttiaa -U ie BCIYCbqx) finetioo over S. 
fkoof • let f tw £QZ ia S* sad lot 
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iCxo i-CXz.) i €.. < -- — 

iCx,) 


9 C.Xa,D — C4.3.2.J.) 

(4.3*19) and {4.3*20) ^«Id, 

9PCX,.) > cpCXO {4.3.22) 

Wvm (4.3 *21) mA (4 .3.22) m obtain that 

qpCXj.) > \_9?Cx.),q)CXr:)] 

= 1# SQf an s. 

Wmot t ia S'4(?f tb»& It iiliillarXy follo«« tbat i« 2^* 

T 

Saanxic 13 « A xaaolt pnraJLLi^ to 7 «» ba aaatljr 

for (2PtCc|f) fwotiona* 

meoraa S. If f € 0^ liid io ]l!l(lor) and atvletlj poaltlaa eemr Ot 
«li«i i« iQV(lCX) orar 9. 

T 

Froof » liat f ba KZ ov«r 9* Tberefora for aaarjr Z^ tZ^ in 9 wa bava 


(X I Xj.) i'CXj,) o '=^ ^’Cxi) ^ >JCx2.y (4»5«23) 


bat 


qpCx) 


^-Cx) 


for xeq 


9»>.f».. (>c,-xOv,q?Cxo=7f-^, 

y-CXa.)]^ 

9tm (4.3444) m 


(x,-xO VxKx^) 


C4.54S4) 


Cx,-xOVxC?CXx) (Xi-X;^/v^;S-Cx,.:)^o 

cfCx,) ^<J-Cxx^ 

^ 9CXO tpOi-) 



strictly positliMi or strictly nsuatlw mmr ®, a is ai^ pisltlve latsesr* 
BpooX* £st » ^f(x) ^ , I G Sf b® strictly poaltlv® wer ®* 

SSmms for srsaty t Xg G 8 aai cp G C' | 

(X,-Xi) Vx<pCXz) :^o ^ VxfCXQ 

- LRxx)]'"- 
Cx, - Xx) Vx > o 

^ fCxo > fCXi) 

i''~Cxo > fV.) 

^ <PCxo » 9Cx^) 

i.s« l8 B8I mme 0. Sladlsrly cam is strlo'Uy 

asgstiire. os«r 8, it is Wt orsr 8* 

Sslow «s xios stats a fas rteults sMcH eaa bt sasily proved* 

1* If f ia «a sod aoa-at^^tivs fuaetioa ovsr tlsaa 

is IQf Cof ) W IQICqI) socordiag as is stnotly iKtoitiva 

(aoa-fs^tivs) or strictly asgative {aoo«ipositivs) ovsr 3| a is say 
lositivs iatsgsr* 

i* If f G 8^ is a mtim) mA Stnstly fOsitivs fiwotica 4»tUmA 
ovsr 8, tiisa f is m srIQf (.BOt or l<0X) over 0 seeofdiiig as 
is strictly fositiss or stxictly as^pitivs 

If f is sa IQI m INSf (c^ or Wf) aad aon'-as^ativs ftactioa 
ffssr $• Ittica i is or ISff (fP over 8 fia^ say am^cksgativc 

iatsgsr a* 

4* H f G 8^ is ^i(ICT) sad seeNsasativs ftnotioa ovsr 8| tlisw 
is lOX(fOT) orsr 8 for say «m*«Mgstivs iasmmr* 



135 


Mlom «• nm atat 0 certaija eorollarlvs to obovo st&toS 
z«8ulto« 

<3orol3«X3r t. If t is w £Ql('QX) aa4 aooHOOgativo fuootiua omr S, 
tlim 4s Kax(QX) or BQVCq?) accorfling as fVv !» stajloHy 

l> 08 itiva (oojs-Qsgativa) or strlotlj-mfstivs {aoo-poslti'vs) oirsr S, 
lAisrt p and % ars raspsetimily notMom^tXvm and positiva intsssx^* 

Corollary 2* If f is an HW(Qf) and non»«sgatlTS fwetion orar Sy 
tbsn is BOrCQ?) or EQX(qx) owr S according as ih is strictly 

posit! vs (noa’«tap(tive) car strictly nsgatlrs (non-positive ) osar 3| 
wbsrs p ma& qi ars« rsipsetivsly» nen-nsgstivs and positlvs lfita,:;era. 

I 

OorePLIary 3« if f€c is a KSI mA. strictly- poeitira fonctloa orar 
Q, ttmn is KJX or HJT <wsr 3» aeeording as is strictly 

positive or strictly nogntivs over idsars p apd q as In Corollary 1« 
Oorollary 4« If f^-o'^isa ICf and strictly podtivs fixjctim ovsr 
Of tbwD ia |){sf fifg. BOX over Cf sooordiBft as 4» strictly 

positive or strictly negative over d# p and q[ l>elag as is Corollary 1* 
OOMiO$If£ FBiCflC»f$t 

Isles se nos prove t«a» theorem f faram thioh the resulta fron 
Sheoraa 7 omiaria iipto Oorollary 4 devef axe dedueihl# as fsorticiilar 
easaa* It iif hoseverf to point out hers that tha anoont of labour 
immlvad hoHi saya appaara to he eq[mL* Alee in convex firuitionsf 
it is a sell toosB result (sss for maaiitLs [4i,4l, ] ) i^t if f la 

ha a 'OX fUBcticn idiasd .on a ooavm sat S c. l^f md g la a nmk- ' 
dasrsaaiag xaal valued OX fucaticn cn m interval I c. X sudh that 
fCg)C. I, then the fiuotiQB is OX co X* Ihs f allowl^ . tea .. 



the eijove result to nore gmeraX elasaes cdT 
mi, iQX mA QI ftaoetioney with the mtxlotiw^ po@'udo<«oavoxityi 
ex|)iicit qaasi^oewrexity mA quasi-OEXQWxitjr on f hut without ttoy 
eueh c«v©ju.ty-like restriotioh on g* fhe result* for the emeepte 
of iwieudo-eoijcsrityt explicit quasi-ecmoewilgf mad qaasl-caaeavity a®ed 
on f are analogoue* 

f hearts 11. If f is EQXCqx) oo the set S axMl g i* a aoii«deoreaoin4', 
real valued fuoetioi oh so interval lol eueh that f(3)c. I, Vatm 
the fuDotion IQXCdX) <m S* 

l^roof • let m mmmm ttJat f i« SQX m S# fhereforti for eveiy 
l^t St eatlefyiag 

fC^^) (4 *3 .25) 


and for 


XX^ 0-l>Xj. 


for ell 1 e 


^ Cx^) < Ha« (iCxo, (4.3*2fi) 

Sine* g ie givea to he a maa-deoreaeing funetion on I c. therefore 
(4t3«2$) mi (4*3m36) yield* 


ttUli 




(a°^)C>‘a:) < M« \a"ixxo,a»ixx»>] 


fhae the fueetion m 9m* 
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low If %lia% f i® QX on 3, we eJaallaafly o&talii tlaat 

Xu QX lyver S« Sihi® part of tlie tiieonai 1® also proved la Axtov 
tt&d tlltll0VMI [9''^ . 

%«t»m 12* If t is Kl mw tlie aet a and g is s dlff&rtuiti&Ule 
real valiSKl fimttioci with derivative striotljr poaitive oa sb 
laterval I era, siteb Itet f{Q) czl# tliwii the foaetias le H3X 

over tif* 

^troof* Since f is fCl oa Cl« tbarefore for every ^ 

C^i“ Vx '^o ^ (4*3#t7) 

»- 0‘.-xo v.aoi)Cx.3 = 21. ^(X.- X J KX--)] 

I****** = ICx) for all XCG. 

Qb ttsiag tiw givea cxmditiisis m it front (4 .5«39) we oOta^UOt 
(X,-XaOVx(3of)Cx^) >0 ^CX,-X^)V;,^CXa,)>o 

■=^ j-Cx.) ^ 

i.e* iB MI OB ft* 

lixge [41 J «aft Itoxis aoft Houri [,48] prove ifae fOUowiitg thearwa* 

If f,tf^»~"‘~** ‘ >f^ <or» ooutiB'aous Cl(of) aspidBfiS ^ i late 

» « r 

1^ fig*——* Ip ieiii*sftiveljf» “ift «o« if « i* • 

«(OT) »0.4ns J f,® c: mo 

X e. fty l^bMi am iMfti#Sft cp of f ln'lo X 'ftefiiMMl If 



9Cx) _ 

mimh 

a»ri;# \Jtt1 t «*t«aa«<i liie above resul'ti t© tSa® eas® to 

OQair«Klt3r(<}0£utari^) of tlt« funotim g to tiie abow iresalt to 

by tua3i-«4M.ve-.;ity (quaat-^fflnoarity) ttous i^vla^ tbe losolli toot too 

funotion ^ t daftoed to abov«» to i^Co?)* 

to til* present work we have repl.908d toe eonv©xity(fiOfiC:--'rity) 

of toe funotlon g by expilelt ouayi-coavexity (explicit <|UK;’..8i'-canosvity) 

and peMSndo-ooBvexity Cpeeiido<^onoavlty) and iaproved upon toe raeulte 

obtained by Sex^e '[#1^ m& Bexge m& Howrl ^42^ • m follonra* II to 

toportent to vesutrlc over here tout »ny toeore^'as inroeed on 

and quotients of funoticuui in toie eeetion» een alito be obtained ae 

.partleidar eaeee to toe following; two toeoregse* 

-Ibeorea 15* If for to1t2t******fp all fumtione be OX(Cf) on tlie 

set 8 wlto : 5 — > Xi c: R tod if g, be a aon-deoreaeing 

ECx(Bst) fmotion on toe eet » wlto gi »-^Ic:i, D =1 LX.c:R'^ 

c=i 

toen toe fimotion cp given by 

<PCx) = j [j,cx), f^.CX)] 

to m(mf) m s. 

froof. tot ZifX^ be toy tso potote to 8 and let 

= > X, + Xj. for ail 1€ 

If we aeeiine -toat for tmy St 

y = Cicx), .fj.Cx)) 

toMi f & D tod wtfmpm&ing to to 8 ive een erlte too potato 



139 


Yi - , 

~ (^i'lCXi.) j fiCJ^x) , , CXx) ) 

I«t g i» EQX «m U. Th®r«fore,.for «(Y,) / gClg) 

«r« iiav« 

1 CVa) < ■aC'/o] 

Sow «« Savtt 

a [iXx>), Ux»') , , i,Cx4 

Vslitg lda« coavaxi*^ «11 m S mui tfciw fswt ISiat 

g is acm«ds«tjrsasing» vs obtsia frtm (4*3*30)» 

9 CXx’) Cx.) -V-O-X) ^|Cxo, j>^^,Cx0+0-x:) 

^ — ■> ^t»CxO) -^O'X) (^J-iCxOj i’j.CXj.)^— 'V 

= C4,3.31) 

(4»3*S9) snA (4 .5 *31) Tisid 

\%(.^i)j %C^x)\ (4.5.3t) 

Siao* <}(:<,)+ ^Yz) 9Cx0^cp(X^) 

sod Haac ^^CYO.^CVi)^ ^ Ha^ \jCx,)j<pCXx)\ (4*3.33) 

f«s« (4 *3 *33) mi {4.3*32) w sstutluis ^«. (p is SQI so S* 

4 i^LiBiliMr sroof iif]3.ds g is iciv scmI sii me* sooswvs fuMtloos* 

r ^ 

I9is0x«o 14* If far i « 1 sii fsosti'eMis I- £. C Ini 

v* 
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c4cf) on «» mt S J-.: S-^X - oR , aa4 if g, e te a© 

iaovtasiiig JPOJL(fCf) fUBatetioia m the set D =1 X; Cl ^ 

<:=\ 

wliai gf ©— ►IczEj thma tlie toictim cp givea by 

‘PCX) = l[u*),i,c>‘). .IfCx)] 

is SQximt) m 3. 

Proof* list ¥ C B for X € 0, such ^iat 

/ 

Y = f.cx),— V f,cx>) (4-3.34) 

«Qdi / 

Y,-(i.<.x.),Ux.). -----UX')) 

, UXO ,-"v 

for X^t Xg £ St so Hiat 

9 C^>) — 9Cx-x) = ^Cvo - JCYj.) <4.3*5fi) 

Sow 

V,<jpCx)=[v4,Cx),.^,i^Cx), 

(X,-xO'5,<f0‘i)=\0<.-x^''v.},Cxo,— -- (x,-xjv. jp(.xol\y,1C'(0^ (4.3.37) 

HiKlitS ^ foots "Utot f|_f i«1t2 »’*’****■»? wrs GX oa. S mad g is Siiorss««iag 
1MI St (4«3»57) yisiSs, 

C>'i -:Xj, ) v^<p(x;,) 4 \_i , I) - ^ - -V ^**^*^^ 

soft {4*3*5$} first 

(X, -x») V«<p0<0 ^ (Y, -YO V, ftVi) 




cx,-xoWo^» ^ 


^Cv.) > ^CVi) [su-c. g <* PCX] 

cpCx -0 ^ 

!.•«« <^ i» BDI OKI S* 

^ sljKll^ibr proof Mli&o if w msmm all to b« Cf m& g to te FC¥« 
Htsanzk 14* 'Solow give m l^maxm (without proof) ^ieh is oll;_,htly 
mm f, moral than Theorem 14 m4 Is icm^mA os eo»ee|>t '^at for all 
^ wn *««.««». *r»f «f «« «*»«. 

folloNw m 1^3* llnee tfeat of fheorea 14 • 

I 

2h«.or«^ 15* If for i*l»29 — — al3» feaetloeai C be 
^•CA1^Ci^'0¥l^) <N» the set 6 (of slilelt tlsi eoixvex set S be asstweS to be 
a eidNeett for the par^^^se «ff this th«iorw) with C-R 

stiii if gt & 6^1 be' aa looreasMg BJiCvcy) ftaaetioa oo *^0 set 

X) =i IL c: eith gt D— » I d-Bt Hwa the fttnetloe give® 

i.=n 

bj 

‘fCx)= .i,cx)] 

le K;xCKnr) on 9« 

ieaark IS* Ih Theoires fS If «e repliase the eoagltloo of paeugo* 
eeavexitj (opwaintgr) on the fuisxticKi g bjr eeaJcl^jr etrmag preuio** 
eonvexitgr (emoavltjr) IDee eflHodltlip* thee «e iMvtela thet cp i« 
else a 'eenldj etro^ pseo4o«eoisr«x Cbeetiio««isie«fe) lllie fisaetlob 
m 9* tleo it Utm set @ be pfloeel ^ eennrex set « liii the 
eeiMtlMoo ibT fiNHade^emvesltjF (eoeesvitir) be g be repleeei bf if^mmg 
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(ecmoavity) th®u q) is a mtrmg liiscado-coa'vex 
Coo^ffiv#) fumtim* 

Wa »oa pxavifla rasolta wMca eoaaaet strong-paauao-eawroxltif, 
|^8audo-c«’*axi1^y isad axplieit quaai-csMivaxity of a fiMotloa fiafioari 
00 a emnrax subsat ©f with tha otroEM^ paeodo-eortwsiSyj pmvdo*^ 

eoataxity asui axplioit quasi-coavaxity of another fimotlon daflitad 

2 

oil m suhaat of 3 frcas whidh ttie raau^ts tor a function dofinad tm 
& suhaat of R oan ba daducad aa a pwrticular eaaa* Baa raaults for 
etroBg paaudo-e-aft’^ty, i^aaudo-coaeaTil^ and ax|d.ioit qaaBi-eonce'rlty 
ara aoalogoua and for waaldy atrong i^saiido-canvaxity (ooccaTlty) 
and waalOy oonve^iity Cemeavi1^)oIi'.e ©an ha aatabllaliad ndLth 
raiewiat aodifiaatiotw* It any ha ramrkad hara that Arrow and 
Enthovan ^8 3 Sarga \ 4%'\ daaX with parallal. prohlaaa for Quaai* 
convex funetiona* 

Bteore® 16* If cp ha a function deflnad m and X and X any patir 
of pointa in. and if 


u.£R^-o eR. 

«taa« 

(i) 9 e la sioi(iex)iff v la 8 f^x(k?x) 

Cli) qp la IQX iff q/ la SQX* 

tro4f« xat 

= «JL, X -V- u 
x^, = LL3_X H: -KyJx 


(4 • 3 . 59 ) 


( 4 . 3 . 40 ) 

( 4 . 3 . 41 ) 


(4,3,49) 
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aoA wotor “O-) sods that 

Uv = (jX,, j'J'i) ) U 5^ = j, i Vii) 

%vco) ^ 

^vcuo = cpCx.) ^ vvCUi)= cfCxo 
(i) v« hav«t 

CU,-Ui)Vy4.<^Ua,)= 

^U-i. <l>'l>z. 

= Qa.. - a ,.) x' -t- Cv-. - u^-) ^ V^cp (JJlJ( -v- f j 

= C^‘“^i) VxCpCXi) 

£tt cp bt siex mm 

C^«-M'vxq)CXj,)4 KC^oXO ^c^Cx.) - q Cx^.)] 

(4»3*45) anA (4*5.4 ) that 
/ 

cu , - U x)s7„ vvCV)x) ^ cu 0 - v^cy*,) 

rtitza A« faaetioa of ordared p«lx ( a**a. 

oonroopoodlJifi to £(X^» X^)* IShls toi^loo 'q> is 3K!1. 

Siallaieijr tf »• «•««•. vp bo to flOKt thw tld* aaauojptioiii «rith 
( 4 * 5 . 45 ) flToe that cp it SICX* 

to am mamm iKtict qp io IGX* fboo fron (4*5.45) tno hanrot 

(y,- Uj,) Vg H'CUa,) O 4=^ (X, -x^5 Vx tp Cx^;) ^ ^ 

<?Cx,) ^ qjCXx.) 

ycuo ^ y Co^j) 

1 . 0 * y io lOI* 


{4*3.45) 


(4.3.44) 




Stell«rly a« 0 uwto 6 that vp is mx, wm obtaia tka^t <p is Pcx. 

Cii) for ^ e ]«^»[ t m hskrm 

- IfX, + 0-!p)Xa, = (^ IX, -I- X i-(jp^>,+(i-W'0'a-)^ 

9CX^)=: = 

Ain© qeCx,) = iv-cuo , 9Cx^)= vvCOaO 

loo for 9a.}=f:<?)CXz) »• i»m c^Cx^) < \_cpCxo. <pCxo] 

i-v ^(uo ^ ^ ^ ^ 

i.s, ^ E ax 4 > Eax 

3icr-io:i - I? 

ch«act!’5^I2at:o^'; op mm j 

fiM Mill pvtTpo&m of this Bootlon is to ebarocteil^f witli tho 
Iwif t/£ HAm roouit Awivod in tM proviouo aodtiooo of tlw pmomt 
9ii»p%»r$ eortola prot^ens of ncttenatimii «■» 'Saqplieit 

QiUMii<-Ooiir«K PMirMBiiiig frObl^iw’ (SIf«f**o)t *fiseudo«Cajavex 
Progriiniit^ fri^loai* imi 'itfoni fseodo-Conrax f^ogrowaiiaMI* 

Cfil!I-f«P**«)* to gM»rsl o li.f.f. is ststsd so 

Ofkiadss <pCX) X € (4*4*l) 

slwrtj P c: (C^. 

If vs MMSSM tlM sot f to b« « oXossd oQoosx ost» tlNsi ^s' fwlilini 
(4.4.1} is 001X04 ix-t.f*, ^ ilX't.f. aocordln^ os tilt 



funtt'liaa cp IQi;, K3X w SI€X* 'Mxi^loit Quasi-Concay® IVograaraia.^ 
Bpol0l««, (W * %»iiiio«<Jo»<s*v® Bjosjiieaaijjg Froblesa* (W ?.i%) or 

•Strwig Fsot^lQK-Gcnoayo Frogrwaing Srobl«* (sw ?♦':'•) Is 4®£fiiis4 
ssaloisously. 

We lisve mm in ieclioo X of litls oteipter that m funetiont 
optimised uoder auitahXe ossuaiition® over a eom'ex sety I'iOsseBee 
many interestisf properties. fwth«naor«y if the fmiotiaa <p is 
(4.4.t) iMt holh SqX and KQfy i.e. ti4M» cp is tlumy apart from 
others y «e have Vm foXiowing two interesting properties for '^e 
i rogr« ( 4 . 4 . 1 ) I, oader the ass^^ptiM that F is aon-eapt;^ nod bonded 
also. 

(i) £ver^ local Optimum (maxisutt or mittisum) (p over F is #ohal 
optiaum Catax. or »ia.) also. 

(ii) An optiaoa mmwem at ons or aoare extrasi pointe of set F« 
thsis two propartiss elwaars iodioats ths pessihilitjr 

developinj^ ah *£xtrwes Boint frooeiurs* similar to Siaplex lethoA* 
lay la idditiasy l^s sst F is sueh that it oootaias a finite mmSBrnr 
of metfsws points then ths ael^od devslopsd is alwasra fioilMi* 

Sinea the elaases of Gmwm (ooneflfvs)y Strong 
Ceoneave) end l^Mna40«4iaavex (oonoaw) cm ineludad In the olasn of 
Bxiliait Quasi-Convex (etssoave) funetiona -^refere fhaotiaQs ndticii 
ariy holli oonvax and eoneavsy Stroag Fseiido-4lotto1ienie sad fesudo**- 
gsBOtis srs soriohsd fegr ths propertlss of S^M fuootioiis* 

Below we now i^swnifjr oertxin l»f.f«*w aoooardhog to. the nn^nvo ' 
of thwlr 0«f«*w* M oenh of tho following prohloasy as tusial it is 
aswnnsd that S is a iwnw-inptsr olosod ootnrax M^sst of B^« If v 



i,t will It® without spueifjfiogt that 3 is 

houndsd «tlM>> 

!• iXFLicif «'j.\Ei-t'0'.VLx (cwAfE) 


irTXJVJ’JM'S;.? 71|CBBJ'4 -!IMOi 


Optiaias qpcx)= 5^Cx)^(x) for X €. S_, 


thiiztt f and ^ ars strictly IKtsitlT® coiwawa fxiootims daflnsd an S 
and at laast ono of f and g baing nm-dlffermtiabla owsr 3* 


a* HQi-iiimjw moaA.x.?i2’G 


Oi>tl*i»a q>cx) = 


far X € 


Wte'xtf f la .nocMa^jativa and Socnrax (etmctaira) and g is sti^otljr 
pORitiva eo^nava (oontax) fyootion with at laaat ona of f and g baing 
n«m*>diffaae«itiel>la owar S* Jf g l>a linaar tbm 

raatriatlon on f «aa ba mssaved but than f aboutd ba iioa<-diff«]r<»ntialla»- 

3. doafCBiiE iiiossii?,«iiai 

(l) Qptlaslaa = (|o^)(X3 for X € 

wiMMpa f la BQXClQf) on 3 and g is a noii-dseraBsia-i iwal walusd ftmetlon 
m an intarval I C. 1 such tlwit f(S^ d X • 


Cii) %tialaa 9 <x) = ^ [iXn v Xt S:, 

aliaffa far iw1,2,— — ,p, all fiwetioaa f^^ era CX(CT) an tn# sat d wltb 
f. , 5->.Xt oR < la a ann»daeraaaiag BQXCKIf) fuMtion en-ldia 



II. PSMil50-C0;.v%'iiS (OTCAVK) S8CGI!A'>OT0 


1 . F':.(mA:'AmQt 

QptiMm C^CX) X€S, 

«ai«re tb® fimetiott 9 i® glwa by 

(1) i 

_L S' 

(li) 9 = JL wber®» for J» 1 , 2 , — i« a noa-a«gatiTe 

4 -“\ 

SA’UtgMVf 

(lii) 9 = i Oi^ * for (i) "V^' i« a ^eltiw 

<li~l 

JL 

ifit®g®r, mA (u) !>• otrietly po«ltir« w®r S, 


(it) 9 X C^i ) wbar®, (i) 3»'*#2»— — ftf a*« r®®poctiTi0.y 

# # 




aoo-o®giitlT® mA po»tttm iatogtrs, aa4 (u) oaeli ) i« »triclly 


i>o®itlT» oTtr i> 

004 it boing amunBl mat e aco strictly 

fooitlT® iwnoaro fbootiono on S. 


2 . rtmfimhSt vimofimAL m&mAmvsut 

3 

(^ptlatlao 9(X) = — — - ■+• ^ X €. S ^ 

JCX) V KX) / 

liiairt bom f «« € 3^ mA f io a ami^oogatlvo cx(crr) fonotioii mA g ia a 
atrlotljr fooltl-^a cv(cx) foustlon ov»r S. If g %• Uamuri m«a 
iioa<«oiatlTlt]P oondition on f to not nocessary. 
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COXfOSHS FWOflO'.’ 

it) QptiMm <3?CX) - (^oOCx) f«MP xeS, 

wfe«i» f is tsxiwf) avmr t3a» nivt S ^ g is a 4iff®j»»tiatol,e rsal 
Taiwii fSmotlor* wliai tavi'mttm sferiatly iKssitive c» m iatesrr^ 

I C B, stMdt f(S) C. i, 

(il) ontmkff <5 CX) = ^ i 1 .CX)^ — i^Cx) ^ jot. x c 

if 

«!*#**• fo» IwItS,— — ,p, all fUQBttcms f^€ C ax« ^JxCcf) oa 1l»® 
sat 3 sdfti sirs einii Itbai t S-> Z. c t, aM § c is an iaarsasia^' 

gtS-^Iczi, 

III p?^E-i©o-ccs5ffix(eTO.tirB) mommms 

tm FMAC^miAE: i-mc'iimsL moam^mst 

Kxes. 

wlrnmt ^ > G* z* cx(07) m B, g> 0 i» OfCox) <» S a&& iwHi fyg&€* 
«» S* If g Is liasiur Umii oooAitioci ^ n<Kk««epi«ivitjr is' act 
mocamry on f • 

2 -. cmm-r,xm wtmfxm momAmmi 

Oytmm c?cx;= ^ [^,Cx). ;S.^cxj. --- xt s, 

slitf* for i ^1 • 2 y**«***,jp|, all tiaaeliioa mm cx(cy) sa sst 

S «Hiii sxs aseli s«4 g Is ss iaorsasiag ;^?CX($3W) 

^ b 

faustiw sa^sst D = Xlc^^ «H«i« tUst . 

J-. D— »X cR . 



If. SSROSfl -pSISUBOJOKOSOrilC i«OC®A:«'.!ISOl 


A pr9blm 

Oi»tiBi0« CD(X)= 

^ dL'xi-^ 

suilject 

ft X 4W 
X :5^ o 

wAiere aiyatboia have tJMftr usual waain^s aod th» oat 'S = {x; 

batng aoouaad to ba &(m«aapt7 corapaot coavac sat* can ba oliaraietarizad 

as a Mtrms F8audo<4ni»&oton.io pregraraioe |>robl«a. 

SlOfOT -▼ 

mosmm wi® ooinnx fRACtiOHAi. ?OTCfi«8i 

®a laaia purpose a£ tiiis saotlon Is to ebaiaotarloa cartaia 

antbansitiflMil iwograasDixig problesis as eoovax progranolng problaias. If 

f ba a CX and nQn<«^atlva fwation and g ba a Gf and strictly posltlTS 

H 

function osar a oonvax aat S Q B • than witb tin help of xasults 
oatablliA^ad in the pravlous sections cf this ehaptsr. Vs can only 
assort that is BejX (and adao CSt) otsr S« and if both f|£ €. 0^ 

ailsOf than oan bo asssrtad to baS^X .otsr S. Ths aain lasult' 
proved in this station is taat in suidt a caas* ^ is always a CX 
funetim ovar 8* and it is bslisrsd that this rssult win ba of graat 
sdventaia in ir«I««f»f*B«t.*s. A fm a#pdi«aticns of this rasult to ' 

'K.f . .bava bo«i imnslia:nii. 

WAM fHSdiaif Vs now prova tha ^llowiag mSm tteoran of IMs sscticn. 
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m CX m& a iM»'-ae4;atlv® f wictioia aad g be a CV and sbyuU^ 
p&nttire f unotiiaa oirer a oooeex sset S Q- 1^, tiien is CX 

over S 

Froot* lt®t far all L°-> '"1 • a*i 4 «rmxy S|f ^2 ^ 




Oalijy: tlMi eonveicit^' mA am-^e^&ti'vlty o£ t, mOi mmB.rli^ aoA etrict 
poaitivltiy of g» wo got for fiil ^ €-\5 j\^ t 

E ^ ^ _ [^;fCx.)+Cv-» Kxo]^ 

> SCx0 4-0-:>)^CXa,) 

[t^CxQ]^ [^Cx>.)y -v [KxQ]^ QC^o]^- ^ K^O ^x.) ^Cx4.) 
^CXO gCx^) [> ^Cx.) -VO-A) 3Cx>:)] 


^ xC>-» ^xQ^cx.j I ^ 1 j, 

X ‘JCxo-vCi-xO^CXx^ L •JCx.) ^CXx> J 

> o 


ai. p™,.. *.t f}', 1 . ci «„ .. 

Fmteak !• Xn tlio abcrro iSmorm if m aa^ume te« bo«3 Mw fu!^ctiat- 4 i 
f woii g mem 'liiviAri i/Btm llio oocditim mt ooB-iiiipitiiriiy need aols lio 
fil«oo4 epoii ^ furwtlm f « 

SwMKTlt Fm V« «t«a MW ITOTO oaoily ttm folliMriag acre roeults giima 
lA tiHi fia^Xo*l below* 



fABLB 


1 


f 

SI 

ax 

sx 

Of 

Sf 

car 

Sf 

Cf 

Of 

Sf 

Sf 

cx 

sx 

cx 

sx 


yo 


>o 

<0 

<0 


<0 



<o 

<o 

:^o 

>0 

^0 

>D 

i 

Of 

m 

Sf 

Cf 

Cf 

Sf 

Sf 

ox 

sx 

cx 

nx 

cx 

cx 

nx 



>o 

>o 

>o 

>0 

>o 

>o 

>o 

<o 

<o 

■Co 

<o 

<0 

< o 

<o 

<o 

1 

3X 

sx 

sx 

cx 

sx 

SI 

sx 

Cf 

Sf 

m 

Sf 

Cf 

Sf 

Vf 

•■w 


Btioir turn w atalMi sotte iataroetiog rasult ta tlMi turn of 
eoxolleErtOKt oaa be easily i>rov«d. 

Corollttiy 1* If g be a CT moA etjfietly poeltlire tm&ttm orea? a 

Mt I 

ocHirex set SCI, tl»a — 1« ei«a$e CX emw S* 

Bimarlc 5* Coxollaxgr t oonteioe « sell teowo xesults taesS# by 
Mtheoy f • Flaeoo e&d 3art*i F, Ic^onBielc^ [,1®3 • Ib awsy eleo be 
observed besre Ibet If tbe fUBOticiB f be 01 eoA etrlotly poeitiire 
over a ooovcx mt s C.1^, tii«B -i- is not nseesearily Of* e«g» let 

a 

oc 

^ (^x) = e jfgjp X. e R, 

tlUHH fear ocgr 

eod we boo* tbet botli ^ and ^ fw x € R ere 0X« 

Oorellezy 2* If f be « OX end um-mgimtim (or Of sad 
fiSMtlttit and g be • Of mA etriotly pseitive fimetioo m a convex 
set S Cl^, mm 


1« Aftex anl^pr tuad dc'uced IMe oorollexy 1* tbw refereaoe 

v«e laPiHi#it m. bie aotiiNe by ooe idMt refereee of [213 ♦ 
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lo + X. C>C> -e ij. -V 

fCx) 

ia GX oval* S, providaa for {p beiM£ fiaito) 

X e s, esQfi (ii) are ittoro sm^■» 

oi^atire real aumJwra* 

Coroliajcsr 3 • If owr « coorex »et S c. 71®, f be non-«*gatttf« en4 

GV » g be etriclPLjf poaitlire e»g Cf mA h be atriotly iieaitiw m& 

CX , tbaa la »3f and if, ia addltloa, all f ,g and It e e’ 

tben -^r le SKf * Fartheiaors, If f,g end li be sudb tbasl 

and li > 0 then — ^ ia SQX Cs»3X ®beB f ,g, b € c’), and te tSilt 

w- 

ease if all f tg and It are linear fuaotioaa on S* Iben ee not reatrict 

t 

■h to be nm*oegative wbereas '^ -— eill still reania SfCX oa S* 

Hewurle 4* frea Gorollaxar 3i it is eaailsr dedtned that if boHi 
1 

f,ge G and art reapaetivel^f a«m-«wgatiTe and atrietl;^ poaitivo of 
funetiott on a eoitrex eat 8 i®, ^en Oj»ttJii«e 

<^X)= j»i.xeS , eaat be elaaeified as •strong Pseado-^cricave 

problem. It la to xeeMrlc orer bare that am it btss 
be«it possible for ua to relax tbe origliMtl eonditien of stxlot 
pofiitiritijr (Ml f to ncn*«egatiirit9r» 4leo it ie to note tHat if at least 
w ia f,*, kf o’ «»• «» krognMiw frkklM, oktl>l» 
ie in tlie ealas of Kf f.It'e sM if ell ffgfbi ^ o'* tben it belongs to 
Strong Peeudo-Oooeaee frograniing, Bwidmtly it ia eeam tb«t Indefinite 
CbMi^bratie Progranaing froblom oonaiderod by Kenti Smartip |j24»123ftS63 
is a Stf P.f* 



Oojc<Jllii®ar 4* If iHi Km-jategatiY® CX fanotic»« f^ 

etrlotly positivs Cf tumtlma^ on a eomrax set SCLM^t 


y f g aM f ^ hm 
iiim 


¥ q'- 

- , — + ie B5^ or 3F0X aoeording as at Xeaat o»« f.y f-y 

li ti ^3 ^ • *» 5 

S|f gg* ^ c% Ifor all of f^, fg, fj, gg, € €f\ 

A|)plioatloii8« ItXov we gisouss soas aPI^ioatltme of tlie aresults 
dedtuced a)K>v» to raathe»tieal pro-yaasiBg probleas* 

Mote* fhroug^at tim seetim^tlMi set S will mm a nooHstapty olosi^ 

n it, 

eoa^ex sObeet of M assumed to be bowded also 'Wilibmk 

Baldng flay sueb speoifloatloiui. Also tiie ? will awea tbe oloaeil 

.««. «t giT« P=(xi ftx^fc.x>,=,y£(r] 

assumed to be regular (i«e* bouaisd and aon-eetptj^ 

?rolid.efl !• We eonelder tbe fraotiomal fisMitioinal pro^rami-tiKS pTOicXm.i 


Optlulee 


<^(?()= CX-h oc -t- 


X UX+ oC, ^ XCiX + o(-i . 

d'x-i- Kx+ fi. 


{ 4 *^* 1 ) 


over tbe set Sy eiieset 

( l ) Oyd end p are sal oolunti veotors# 

(ii) 8 eoi 9 are real sy.'tnetrlo poeltiim semi--d@£lnit«!' melees 
of <»rSer i!om« 

(m) o^y oLjj are arbitrary sealar eonotantsy end 

(iv) d/x+p, j |»'x+-p 3 _ are etrtotly iMSHsitlve over S# 

, Vx , / '/i- , 

Haoe (X H X) sbA (_^ C X) are 0X \_ 7o j » and 

j — — are dX by C©r<fl.ls*y 1 § tlMiref ore - " v^^ ' 

end ere 0X* Senee tbe aINnre pxoblea ie n Convex 

j:> X + ^a. 

’HiSitaeudb^ ■■ Tlitsii iiiHl Hid' T jtMimim 

WWm^mWnMg, wWw^mm*i 
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2« f« coneiaar tii« 


OptiiaiM CX) = (r X-VY ) 

d'x-*- ^ 

«mtr aet wiier®, 

{i) |}' is m »xt oolum ir<ietor« 

(11) p Y a*, arbllrwy «al« oMiatmt,. 

(lit) d X + ^ >o over Hie aet S. 

Z% is ttcieily eoioi witl» tie lielp of *10111 '^lieoresi* end *t«mrk 1 ' 
thei Hie frobleai 2 above i» • eoovex prt^rening problea. 

Broble» 5* ZMeflaite Quadratie Freofional luBetioual. .'.Mog 

fbe problew eoxtoLdexed Itere is ae follows* 

URtslse <f(X) — (t> X + Y j X £ (5*4*3) 

(CX+oOC^ X 4 " 

wiierey 

(1) Ofdtpf 06, ^ «mi Y and tbe set f are aa i^xeodjr explalaed* 

(it) c'x + cL^ d"x4-js are strletljr poi^tlve over ?. 

It is easiljf Metit wllli tae help of Qon^Iery 3 ahovsi HukI 
tlw itrobleii (5«4*3) is 3FX F«f« It la aliowo here ttiat sudi a 
*I(»i«€o»v»x ^e;rgiKiiag Ihpoblwi* em iMi sOlviMi hjr solviiis a ooiiv«c 
f reetionol fuoetloiial prograffioliig iroblmi of the tifpe giwat M- 
?rol»I«t 2* for that we introduee the traaeforMitlaii ef virlal:d.es 


^ = )loX C5*4,45 

was ottginalli' eagfLojred tgr tharaes sad Cooper ^43'] ^ a 

iMHMSOHrjiidiM the sealar ^0 to he so choem that ' 


^W + n.=v 


(S<4.S> 
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whftxrt 'U->o i« a epeeifl«4 maoDar* 

vttb tlw imlp &£ (5*4«4) and ($»4*3) tha piroblaa (§«4*?) 
xrodiicaa to 

liniiitiBe H^C’ioj'y)— 0? W ’jo) 
siabjaot to 

o J 

Solowi w« am otate a rooulty to !»• mmd later oa* In Wm 
tom of a l«wa» wiiioh ean be found in tb« vmfmmacm quoted* 

Imsm 1* Utmxy (io, y 3 isatiefyiog (&«4«ib) liae [5^1- 

^eoren 1. )i«aa optimeki latjlotion to tbe pxobloa 

('9»4*d)t ^ optinal solution to tlM» inrobiea C5*4»5)* 

frost* If poesiMe let tbe above assertion be false and l^t ttisre 
exists an optiaal edut ion X* €. 1* sueta ttiat* 


(c'x*+. 6 ) C *.] [a-'cv;;,;) +-p] 


C5*4*t3 


low «« cJl^ (i i» mtxtotkLf positive t «*eifefore» 

cl'X*+ ^ = <9\> •®*** © >° 

f# now ooNseideri 
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mm 


^ [d (3.]= 

(\7 - 4 o 


Wrm (5*4.8) and (5*4.9) m i»f#r feat ® fnaaibia 

aielutioia to (5.4 .6). 

faUlng Ip.H.S* of {5*4.7) w« hava, 


(yyc^-^ lit 



+ %]*" 

[cXa%) + %] 

C^< 9 )+ f/fi] 


(y y ^ 


( /A ^ ^ , if ^ ^ 

pv + '^aO c<i' Y + ^ '^o) 


(c' <i +"<'i)'^ 

falElBi; B.8.S* of (5.4 *7) m oOtafe 





9 . 


) + 0 ^^ 







Ooiag (5*4.I0> m% (5*4.11) fe (5.4*7) m bavt* 


L.^ ^1 . >y \3a 




(S''! aJ)^ 


> 


C^'v+Ya.)^ ^ t'iof 


/ A Ai 




(5.4.8) 


(5.4,9) 


C5,4«10) 


(5*4.11) 


Ci.4*f«) 



15 ? 


Bi ©tuatioB {5o4*t2) iapliaa that { ^ V ) &a& aot ( \!o ■' 7 ) 1.® «a 

optiaal aolutloo to tta* pseoUom (3*4 S)$ stelch i« a coatniiicticw* 

Jhu. «-t tor ««, r.8Ul«. o.* P etr« p-.[x-, AX 4 

to solva th« f.„lv#o px^t^ea C5.4.3) it auffica® to sajl-TO tfea Ffobleat 

S l tai iai ®# '4r^ C^«4*13a} 

mibimt to 

ft 7 - ^^0 ^ 0 

+ ^3.=! 

bo ^ o 

Ttohlm (3»4»%3) la oaally mm to ba a ooava* praijrawalns ftroljlm* 

«a 8»a that tha Strong Progxwmiag (fon«<Coor«x 

P'lrograiisaio.g) IProblm (3»4»3) oan ha aolrad hy aolrlng tha oonrcK 
prograaslag prohlaa 

ProblMi 4* iara «a ewaliar tha progi:aatBitaig prehla«t 

Optlalaa cpC^) = ^ ^ ^ ^ ^ C5*4*14) 

<1» X +• ^ 

tvr X € P , atuirat 

(l) Hia ayabola C^cty>6 mi4 ^ tm aa lanial* 

(n) 0 moA H ara am ox0ar raal nyiasaa'trio. iioaltiya aaod-lofialta 

aatxleaa. 

(ill) X+ ^>0 ovaor tha aa-4 ?• 

Brol^wi C5«4«14) la amlly aaaa to ha that of iX ?*F« and If 3 




i« ftseimd to be a awll aiatrlxt thoa it ie a i^robleia of Sj^X Pm2*» 

(Momv9r, Agffixvtd. \_ll » »itb S ae oull mSriac, proves the 0«"'» 
to be JKMt)* If we tale tbe mtaeix I! to be n«H tbseaa tbe protoleo 
(3A»H) redmm to tb» type 'ooftsidleret bj Aj^garwal [_3 "] f mi both 
the ootrioee Q mtA H be assuMtd to be etull ^atrioesy tiste probiea 
reduces to tbe well taoea problem of L«F.F.f« 

% empioyio^ the trameforjmtlcai (5*4 *4) it ie am easily 
that tbo problwai (^U.ld) (wltki relevant modifioatiooe for particular 
oaeee ^*33 ) ^ solved by obtaining tbe eolutlm of tbe 

foUoelng convex pro^ramoSJiK pxobl«ai, 

Optimise H^U»^Y)= ^ ^ C5*4i»15») 

eubjeot 

^Oj Y ^ O 

3* Sere we eormider tbe problem of *'QOASRAfie FPfJClTSO:Wj 

TmcTioNAu mmsAmmo »hh aiAfioNAi* ?uiiofioT;s m urn mmnfBs* 

wMm ie a ell 4 bt imtwralieatima cbT prOblwt (3*4 *14) end- special 
ettsee of wbiii^ were eoneidered ae partloular Maes to 
in Obapter IU« Froblsm e^eiderad bare ie stated eef 

OfftiMse qp(x;^ ■i-cx+^ (5#4.ti) 

x'eix 4-(x'fx/*-+c31'x4*|2 


tw X € f» idiere« 



Cl) I mA f am nan oxAme r«al simatrle poaltim 
laatrleas aad oi^r symMOlm «r@ as la proven Cs»4*14)* 

Cu) x'h X + CX^X)"'*- + c X -Vot > o ^ X E X +(x'F X)''^ Oj 

oirer %Iih set P a»d «bea the mtfiees B aod f itm null taatrieest 
XHX +Cx'<sx)''if.cx4-«t 1» aarestricteii i» siga. 
llsiB^ ttte tiWQiKtoraatlcia (5*4 * 4)1 |irohl«Bi'(5*4.l€) reasasea to» 

optJ»i«« q..V)= + Cv'<i Y)^+ ^Y+‘^3o C5^.tf») 

C5*4,m) 

in «lileh| althoMt^ tlMi 0«f • and all th@ otMetraint funotlEma ave 
otmvex ^et the prohleai le net that c€ ecaivex pregii'aaaih^ heeauee of 
the nature of the nen-ltnear eonetmlnt* If «e mt the mtrieea H 
and f aa null aatrleeat thwa ee ^t the pxohlea of 'Prograrnii^g with 
Quadratle fYaotlonal funeMenala*** as eonalftexsHl hj Imtl ^irarup [111}* 
Sueh a prohltm la stated as 

Optlalae 9CX)=: ^ ^ ^ — CS*4»1®) 

x'Ex 4 - d'x-F^ 

suhjeet te the reetcor X G Pt stwre 

(i) X^HX 4- c'x+oi ^ x' E X +- d X +- (2 >Oj<}i' Stti eliSB the 3B*3riat 

S jUi a mill atatrlXt x'hx 4- c'x+oC Is unrestarlelNMl. In slpi* 

Kmtl Shnurop zsdussd ths prohLes (9^*13) to two tuadxetle 

prodraasdiv preUsns in »hleh all other eenaihrmlits srs linmur and 

i,a {|ttSilra'tile htit fren idilidi the sees of «P*P» In net dedwslMn 

an a partlewlnr ease* 8ife •• dlesnss ths pmUsn Cs«4*t#) In ttetns 

ssses ns folless. 


suhjeet to 


^Y- 'ogo 


YEY 


(Y F Yy^^^r d'Y + = ^ 

^ 0 jY ^ ® 



Ca,5ei.. iy>6a«r tpilwle ifetBaininii umteagpdi wh®a th« aatrie®© ® 
aKkd H msm r®8p9fitiv«Iyy negatlv® asai-deflait® and positive 

Mtirieesf eacb of order m&t prodlea (5*4 *13) t>eIoi3ga 
to tile iHmm of sm 

Cate 2 m Ottiar ayaliols tMiini; aamet vihm the aatrleee S aM K are 
respectively, real syaottrio poaitlY® eoai-dofljaite and 
se»i*definit«, eaoh of order mm tium die prohlea (5«4«t8) is a 
m KTm 

Case 5* hoth the aatrioes B and 3 mrm nm order jpoeltive eaai- 

defiiiite ttm since we do not kziow the nature of the 0«f • <p in this 
ease, Ihsrefore, we tviduoe it to 


Optlaise VC^o^V) = + c\ + 

Ho 


stib^eet to 


h^- bjja^.0 


(&.4#19a) 


C5*4.191») 


vdtioit afaito is a non-eoarex pro^prasBilng prohlan Oeeause'of the rtiasmsy 
obvious, but «s sse that wh«i Hw ttstrioee B and 1 beeoas null 
aatrieesf Iktan the ease for li*! Jr*?*, miMXm to eoneidered by 
Oharoee and Cooper [4$ 3* * partleular ease* 

fmhlm fi* '*&idsfi&ite Ctdiie ^ograaadyng slth Standard Srroza in 
the (bijeetive Tuaetioa.'* ie eonsider here the pcoblea eotteidexed 
Beeter » whieh is stated as, 

Bnirt.wl.se cpO^) - x'e X “ O^CiXVt' o6^ X + (5^4 ,20) 


for X E f , nhers 



16i 


(i) V ani 0 are raal. a^watrle poaitiini atol^dafiaita !<iidSvloaa 
orSitr moAf) aaft 

(ii) tlia syaSoIs have i»elMiS«4 ’semiBga^ c'x- xEx-(>('<^x)+oi.>o 

0B4 <L X + ^ > o F* 

«ti 0 .-roblern (5.4 *20) is lOsat of M F.F. (SW F,F. if C bt 
a null aatrlx). Bare w« atoM tSiat It ogyo b« aolvai by solving . 
aaotbar eoavaac pro^jraMias^ problaa. 

- '^xployla^ tbe tranaformtioa (5*4.4) tba problaa (5.4*20) 
reS'aeeg tOg 

c'v- 

l&aciBiaa — 2i 

aubjlaot t& 

- b'j* ^ o 

aW + N» =1 
a.,v ■?■ 0 

.'But «a taitwr fitati 

c'v- ^.-cyav/v-cj. I 

-=- 

^0^ h-c ^ 

c\ - 'iM. - o(,^o 

^0 


1!liertf<Mra» tim a<m-eoBv«R. j>rogx«an^ig pvai^m ( 5 . 4 .to) am bt mt’mi. 

IJT SmirSJil^ Wm pWm.m 


rn^m v^CV.Y) = 




c'y 




(5*4^1$ 
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«uii»j«ct to 

W’ijo ^ O 1 

+ f'io ~ \ ( Cs»»4.gti>) 

o J 

io a eoiavox i^rognBaaing ppoblea* 

If «• iMt tlti® a»trl* £ to Im reull, th«a tiao proUea redtwoe 
to that eoasMovoi by Mct&t in \21 ^ * an4 if w talc# hotSa th® 

Wktrle®8 • siaA Q to h® aiall watric««* Hi® ptrohlon C&*4*30)) yedoco® 
to tlM iirobieai oonoiAezttd by Ifaati Swaraji '(_124^ • 
ftoDlMi 7« Siil^tijf aior® §,m9vail aathwmttienl aoH«i® of Ha® 
prohloii (3«4«i^) ooulH h® statod a® 

Ci) Haxiais® C^w = [c'x - x Ex-Q(axj\ci][a.'x ^ xVx- CxhxK(j.“\ C5-4- 

Ctl) %0Ci^9® <^X) = jc'x- X E X-CX'Qx’^+ccjJdL'xv xVx xjf'V^'^ (S A-^^) 

«4»i]p« iPLi tlM 'inatrio®® f ^ Q and K ®w zval ajiramtiil® posltit® 
®imlHi®fiait« wltl’i otlwr spdioiL® a® ntualf ^od ®aiidi of tli® footor® 
in th® Oof* for hotii th® >xobl«s8 i® atviotijr |>ooitlir« o««r f» 

fimt sm(hl«Hi ia 9 t!nriQtt«lf' ir C«4i«a aatrie®® H and H ax® 

BuIIk it .1® sff f*f*) wdiox®®® th# aatnr® of tb® 0#f • in tho aooond 
I^Oloa i« iatbmmm» Sueli a pxohlon e«a ho xoduoad to aaathor {n^blos 
in «iieh th® 0*f • i® wm® a® ia wtii «a.l tli® owiotxvizit® em 

eonvax hat tb® andwtioa oat (ant of f®a®ihl® ®olaticai) givta hy 



ie aQa-moninix hmmm tti* QWtmm mrnmmam 
‘Ifxo'Vlm 6* j^titgamatbaa emBMmm^ problaa 

*4lxi|wis« ->3c,^)=z ^ Si 

4 =« X _ J - 1-/^4 

^iii»i«aii c^>o mA /4>4>o i ta Ax^-V^ x»o idi«3Pt At h imm 

tlie usual Motiiiiga* fim aDovs proves axOiMi in. atudjf of probl@eas of 
goncsrcil ailoeation in %tilti{^o c^oraoter stuiiae'* 

iitit tlMi help of th« oato thooxeu and. tmt tiiat tim &m of 
two OX fuootitewo lo alw» OX# w« •«« that th« aibovi ivobXoai is that 
of eoovax pxograaniag* fMo xeoult io in eorfoxosltj wil^ that doAuood 
hj jragsionotliafi • 



mmm 


f 


(w nr^ir. whbctiot ra PSEUDO-co^AtE 

(Fsgi3»o-cosoAif2) ?’ -•'iJT-.A-.i 'iiKSi A nm Cf Mm* 

hm&m FrfAO-'iouA'i I'uac-- laiSAi* ^^•oo^Uv.^jIsa. 

P'jTjioiaa odt tMli oliiiplMir It t '6 develop O 0 fii^ut«tio«al' 
t««ilmi<|u«c tor otrl^in mthtisttietl prt^loKt* %» 

ebajJter it aainlj dlvioed into two .gtetieat* Station I i» 
Mvottd to tilt 4»mlQpmtit of 'o eominjtational mehaiqvm, 
to ’iBthod of FtatibI# MrtotiOttt* [lS*»105^ • for m la 

vMidi tlao O.f . it SICV Bfid tiM eonatralnt »tt it o«m»tr»ia#i fey 
mn*Xixmme difftrmtiiiA quaai-eoave- fuaetioas sad proptrly 
tiMHimtd liattr imi noo-ntAatl^ltF rostrlciiono, mMw 
eooditim ^11} « f%» oostatlfa. msirnTmarn tiMt mMm 

•otttldtrtd fey 'S«M*Stii«14it tad ^ p rofelwi oootidtttd 



h9itm In, Jtaet tiaat in the; P'ressnt pro&lea l>l!« 0«f • td M 

aaxSaiaiect in 5*0? and the nor*»Iittear conatsraint ruiv. 2 tiun.-! am 
where a® m the problmx considered bj? Soutendijic the 0,?* C? 
and the non-iinear ounetraiat fiaactlone are OX. Sine® th® Sl^? 
funetidii® |i0SM9 the proi^rt;; of having mvmrs loeai mrioiijn m 
global scBXiaua* therefore we hope that the local aariaiUEa obtaluad 
with tisw help of aethod of feacihle direetionc, will be a rlooal 
mxlnts!tt« furthermore y «« h«vu extei^ed the method for the ^.^roblem 
in which the 0*P. ia PE?, raeniioaiot^ exulicitl^ the difference of 
asmuuir/tlana between the t^;*o proble.in* 

Athod of feaaihle directions le advnntageoua In the Mh$;o 
that,fi7stlj’ to initiate the comrutaticna w® can um my feanlMe 
solution at which the jr«^dieht of the QJ^* dews not Yanish and it 
is not nocataarx tint m ahould bme ©ossa special fora of a faasihl® 
aolutlon (such as a B*f •S«)y and w® my proe®<a''2 int-^ the 

intttrior of the feaaiblt dcatain to incraaaa or dscreas® tha 0«l’* which 
uauel}^ proYldes a faster co«::>ver.,®nc®« 3«cti':n II deal® wi-tii the 
optiaisation of a ajpeclal type of non-linear frecticnal fieiotional 
over a elooed comm polylwdra mt» tte 0»?« la proved to ha 
over foe eonatraint aet» TMa aaksa it iK^aaihle to develop a 
finite Iteration teohn.i(|ua to obtain the #ohal optlaim eef idle 
Hethod develop ia aiMIeor to that cf Beale » aa d®v®ioi'>ed hy 
Xanti ^arup ^122^ for li*f .f .f» It ia Interest log to rewitic hesre 
that the property of global optiauai haaring 1mm taiten m at one or 
mtm of the aaftreiee point# «f 1h* ocmatraint eet followe ne'e 
«eiiae(|iiMiee' of the nethod developed alee* 



- I 


mmm m FSiUJim mb '-moso F‘i*;\iK>-coKCjk?.:- 

( T^.w i\*.:'tr:3) 

?li« pjwsMea eottaidexua imm 4® stated a® 

Sfaactai®® cpcx) for xcP^ 




Ct?*i.i) 


wMrwf 

(i) tl»® eoftsftralnt »«t f c: is hy 


P — l^X ; g^(_X)^-t>-i,^i-£Kj= 'ji-, — .-wi AiX 6 tc ^i. eU = »+>^ — '’~'i (S-L-Z) 

it min£ ^vm that all tii® fwetims ^^CX) € tor ie M mA 
»T* M w»r l^i ole , i € 1 ars ijoa *w* •«Mstor«| 1 e. Nu L 
&r 0 given moBlare, p 1» m oxl eoluaa veetcr« sueb thmt tM set F 
in (s*t «2) i« « closed convex set assiaaid to Ini aon-eaiptj# 

(4i) Tlie fuBotim <p € it ' 

aefojce pioviding tlie outlinee of tiat actual sleiorltha, w« givet 
belosy certain jjre**!£e(|ai8lte6 in tlsi Jorai of notations end dcl'initions 
etc* and develop mm tlieoiiy twee .-.ssiry f<nr tiwi develO'pamt of the 
alj^ritlM* 

nr^jZKZI^lZ’Si 

fhrougliout this section se shall f <aios ^ foUawiag notaticne 
said tex«inoleK]r* 

(l) # «n 0x1 vectCHP stuDBie f«r V, <pCx) euch t^t ■»|Cx) i« 

tie trsaapoae «f i^C^) • SisiUarly ‘ViW = V* g- Cx) ^ ^ €.hl and 

‘iJ.Cx) f cuf i € • ie the traaepos# of CX) • 

Cil) A smESflw [t8S, iWMe 8i] i hetX^tP *. A direction 

««,«# U «ll« £«lkl. If - 4. -0» X»« «» 



regloa P wbSle aatkiiag a auffiel^tly walX »we ia tliie diree-ii''s. 

. ifeBoa, if t&are axiate a swalai* a^>o such tliat 
toXgSf wHimi ci/^ ie aa axf coluatat veetort then cti^. ia a faasl^iXe 
to'aefcim# (Si* 1 . 3 ) 


Ciii) k USABw-: i’E.V'-I'-i’S M' SCtllil (u,f ,ti*) [_ 185 tf Pa^;® 22]* A 
fttaaiui® Siraotioa cL^ tiwoo,;^ P is o^lwl a u.i‘*4» If it 
0 atlefl««> 


d- "P > A|e,^ 
dl X 


T^CXiOci,^>o 


(^•1.4) 


UtSO 

1 


(!▼) ;sG»mr3A:*i'::^. \%%% page lo] i a dly^ 

i» aaid to satisfy a noxoaXisatlaa reguXreieBBt if it satisfies 
one of tljo following;. 


No- for all ( 5 * 1 />) 

WN^ . DCXtA^ eUaXl awts 

irsi^eotiireiyf 



g- Cxo = ^ c € M ^ 


(5*1.6) 
(5*1 *7) 


T — C 'y y 


( 5 * 1 *®) 



( 5*1 *f 5 

C5*1*10) 


DCXO - ,C€.K|^ ;acdU:S.oAe 


'o^ 


C5*l*1t) 


SMKt«iii|li [l 8 f« mm * 1 ^ ®a« «Xiasi tfeixse »ors M<»mdLi«ati<m«t« 

v.» O 
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= 1 


6 o » 3 di<l)t4o,C€. Lift, ^ 

Awi ^o, , A^-4^ i'euil 


w. 

'a. 


whar® cr la aai^ be m extra Yariabl® ati4 i« a positive 
auatocr, olsoioe far «liich 2 B®y 'i»e arbitrary . C‘y*1*12) 

(▼i) A 'iK-'" 'jSABri** iii.-ri':-;: (i».«,f.d.) \jb5\ t 

(tt) t3m mt I Ib fb»l«2) i« ncu«oull, eall the voetor cLk. 

to b* b.u.f.4« (or aojBstlaea BaSr-CTIOS* ) throiigli X^cP • Iff 

satiafias tlJ® fallo'^iiia re’,i^rs'3«Bts. 


1* 6, D(_Xjj_ j<j-'^ . 


a. - '^'(.x,c)<jL^+ <T" - C,«i*i3) 

lorsalie&tioa requiramnt (3*'l«3)- 
4 • (T to IM naxlsisad . 

(b) ^hm tine »at 31 la (&*1 * 2 } ia nullt »e oalX tbe ireotor dl^. 
to b* tl» b.u*f»d. tiiroagb X»^,€.P f if it aetiafio® t 3 » 
raqulreneats. 

%• d^eDC^O- 

2» WoniXtimtioB iniQUlreawit #14) 

3* YCxO<^k io s*ai«i*«tf ■ 

!“£auLAi;ri*’f ooiwiioi (C,) i iifwat an x^e f eueb tiuit aXl «c»»triiixit 
fimatioos baXoBtf to tha el««« § «t X^^ • t® «ey tit« point X,^ 

•fttiofioo tb» •Jioferularltj' OooAitloft* ^l^ 3P®F »yot«» 

^ t €. KJ 

X 4 ti. C e u 


(s.i.ts) 
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if tiwr® exists mm motm satisfying 
‘Vi CXic) <L^>^ <o i- € 

3.(, dit ^ O i, €, 




lor the faw.^rawstofi problea v« now aaltos tae tolXaninr; aa8;aaiJt;.i-.;as* 
t (a) '--heft the <p is ''W¥. Let m be tbe iaaxlttuai of <p -”• 

^umhJulO^ 

assume tiat tla S«W cp is either ^boM;uG4 on P (a • «o ) <ar that 


R, = i X€ Pj CpCX)=-«v\ 

is toouodet . . 

XCX|,X^^OO VJC„Xifep. 

. 


(*>. 1 . 17 ) 


1 (te) flisn tie O.F. cp is HSf i lither <p ie «aboiaid0<i mx the mt 
F or the set* 


P. 



qpcx) ^ oc ^xe 





ie haimtet for aii o<l£R. 

S. Seery point X € P, estisftes ih@ regularity coatitl.m (Cj). 

Ve nos tsYslop the prerequlsitet theor for the ^m-mlopmat of the 
oo«|ittttttioiial alg:or»tte« 

Ima 1 . A fiaaottm f(x) for xe s" Is 8fCf(r!lcx) or iWCwx) Iff one 
ttoineicxiai funotiw y C>) * f(X+ ^ s) i» SIW (SKfX) or ‘WCK'a) for 
any two reetore X ant dl ant for all >> o • 
frmt of the imm follows m a ^<urtic^flar oeuw of %@orom 16 


Sent loo III of Oiapter If. 

XriMHMi 2. tet X*.^ P he any Inown feasible eolation eat dl^' a taom 
tireeticn ttirow^ “ Xy.h- t f<^ iwaweer »0»ll:>>o 

he e«yr |>oint on m fsjr eanaatiag fttea Xv. alonic cl^ ant 
vpcx) =: > H'CX) to «a JniireiwiJSfi fooctiwa of > 



aXong dv. iff 1® « a.f.d* at \ * 

Itwf. '‘i« tecwf tiiat. 

Rate of cfcaage of H»Cx) for >-o along 

— ( dL ^C5^v.+ 

V TS. 

i®t ue firat aaeuatt to to® u.f ,<!• tfaroaji . Timretomt 
trm (i. 1 . 4 ) «a4 C&#1.19) m ofetaio that, 

Bata of ofoaoge of v^i>) at >=© al<«g cL4c‘^>t> !•#•«* Xk 
fmattim V C>) i® an increasing funettcn of :x along In a 
neij^hoyrhood of ^=.0 • Again, aosuaMs that at x^. , the fiaactitM. 
vvcx) ie «o inereaidng fonotion of pv in the direotlon dj^_ throa., li 
• Shetelore, at >=© tho rate of ohaaga of M'Cx) l» tha dlrcoticaa 
di^u^>o • Ehla iiapliae from {5*1 •19) that \Cx»oci^^>o !•«• <1^, i» 
a tt*f*d4 through X^ • 

Banaric 1* M 2 m haw not asaaaad the atrong ps@iiao*^c5>ftCfc*¥lty 
Cpaaodo-eoncavity) oharaoter on cp * leloa, with the help of 
Tjwfn, t ft 104 2, ee no® prore a eery iatersating iaro^erty of SPCV'Ci'O'f) 

fUODtiOIUi* 

Sheoren !• If, In the prograa (5*1 *1), be a tt*f.4* thmjgh liia 
jmiM Xk€? , thwi at Xw. the foaetion <p inoreanee aloog 
goes on ianreaidng till it taJeee on ite firet global ;saxiiaaai 

in ttat iireotion* 

ispoof* liet vt/tJk^ = 9C^u.+ :x<ttc) for howewr «sbII * io* 

ia a tteoa^ X^. t tha*ofoio, bf la«»a t,.nt ;^=«> Cc-e. xg 

thart la a aaall aal#bo»«piw>«4 »/(^ al®*® 4i»eotio» d-i^ ■ p, aueh 
fba t in thift aai#JMMitaphoo4 ’spCiJ) i# iwa iiaera«i*ig fnaptlon of, X 


I aGT"!. 



Siahs all fox 1 € S «jr» tjX, ihorsfore 

C5«1*2l) impliotj that 


X (A' C^it- ) <3 

for 

" ^ K. 


<A»c <.© 

for 

C QH'k. 

(■:.*1*22) 

Also a.6 CXk. X <U-) 4 

for 

1^0, 


Shis ia^liSB a,- <(^4 o 

for 

d G Lli 

(*^.1 .23) 

Sliriloxly w« obtain ^ o 

for 


(S.1.24) 


for 

/e T.*"' 

(>•1.25) 


Cooditim® «;far®o 1>y to tfe«t d^^eDCXic). 

srawoOTw 4* If dfe € OC>«.) with ^^CXk.) dU.<*’ * d^^. lo a 

fta«lbl«i diroctioe tiai»'^ X,^e. P • 

froof* It ft #▼«» tlJaS IXxit.) with Aic < © • fhia 

iftpliae that if m mym fioi aiooi dL|(. thiot in • S «»el U -o-.-S'livc^ 
/^jCXk,) 0^ Xk_ I f^(l) dWcsroatoa* i*«* th*r« txiata « poiat 
for hcmorex Mtail X >« « wuA that 

ti 3 iCO = k C e «wL x^+ e«r(jcx.c). 

CXio+ XoLtc) ■< ;5o<^ c € K)JI^ 

!••• X^-t- mitisflKa tlM iioa* 4 iaaar eoiMta^itiiita* 
frm cik.€ DCXk) » it is saaiiy mm ‘tet 
aatiafiaa tht iinasr oonstrsiiia alirat* Ihsraforsy m oonoiMa ths!t 

Xy. + > dU. €, P liws-ser «tali X >» i«a* <iic ia » faaaibla 


dirsaticm* 



1?3 


Saaarca 5, M (i-.l.t), if X*€.P aatiefi®® ti»e 

*:5«ttUlartty Oouditiw* ttson filj© mm-'nmxy md 

coaiitiofi tiiat \ is a global mxLmm dt Cp &mr ? is 

•'^CX*)<i^^o f&r mil d* € DCx*) {‘i*t,26) 

«ffc»r®f »CXi^) is t'm coj-.w* poXyheiral ema (5*1 •It). 

Itoocf* *2i» Oottdltion is laeassaT/’t Sa^pose that a d/j^€.DO<#) 
exists* sash that o i* ss-.iijfled* Sines X^, aa&-.,v;~.‘ies 

the regularity ooi4ition 0^* therefore, tkmr« exists soae 
satisfyiiig Vi: Cx*) <» e M J t A^d^<.o for 

Jet d#C» = a<JL_^-v- cljf * Clearly cLj^O) is feasible fbr all 
eiaoe ‘y.Cx.*')cL^^^4Co ter C € , acA^cw^o , 

for i' € ^a, y for ^ md for i €ir*- 

wlll holift for all .i o « Sloreoyer ^ Cx»)ot4 being >© , It 
ia poeslble for us to ehooae ;x a® laorge that d^C^) >o 

will hold* Shis i:apIios that o«yeaot be - a-aaaiawaB. point* lienee 
the result* 

*flMi Ooadttlan ia :‘luf£ioieat*j this peart follcws trivially as a 
ooase<iuehoe of Idbe defiaatioa of a u*f*d* sad Ihieores 2* 
fheortm H* 2h program (5*1*1), if € f satisfies ihs *Ile«^arlty 
Condi tioa* (C^f then ths nsoessary awl suffiotaat eonditim that 
is a iloho^ aaacisttti of <qp over f is that ths graliiHXt veotor 
at X^^ is a oMNiM^ativ'e linear oonblnatios of the QcitsaiNI<<ipaiotla6 
aorabils in 1*0* 


(5.t,a7) 


1?4 


^ 1CX.)= s +:s ,a, 4, - s V: e,. +:s. U; e: 

«<€nJ 4C3;^*+-1 <1 ^^^,.<1 i 


(J'i ^ «. t e n: u L*^ . / e u X 


*- 

4X, 


l^poof* If ®»** to® ifa'ifcea as ia (5.1.27) tiJ«a f&r ai^y 

d^e I>C>^) »« toa-TO cLj^^o so th&t Th&orm A® a 

iilabal mxiWBB of cp oa I*. Oa tho other huM If ia m .dahel 
laaxiauai of cp oa f» then fitoorea 6 Rbowo that 

for my d D(^Xjr^ itiai^ that (5*t *27) follossa by ^plylaj Far'ma* 
Immm [41, pa^ 164^ • 

Tlisoafom 7# la pro,,3waft if the 0.F* <p he SfC? tM it 

aatiefles the ooadltioae with a » thea the iset 

P,= [x;X€P,<fCX,>..] 

iv hoya4e4 for aUoteR, -ptou^dU-A KCx.^x^)^" V X,^x,,€.?> 
froof* If •<.>•»«. p th<m le evi4©atXy aull* If oc ^ b» thea 
1^ D mA is eoarex. Sap|>ose ^ is uai»>tm4«i for aoiie oc p 
so thstf for say X € t a reetor 4 om be fouikdi suoh that 
for sli ^ >o • fake :x, so lens that the point x^x -^A,<i^P^. 
Hsisoe qpcxiX •*w =, <p(x) , Sime <p is 3HJf , ihereforSf fwaa 
isfittitiao of a SiCf ftswtioa for cpCxi) < <?>Cx) we haw 
Q{ — y.,)s;;^cfC^O>o w that ^C^Ocl <o he^ds* Worn X+Ad 
— X| 'V- *** using lha strtmg pmudo-omoavity 

(Pf <p M(L ohtaia f oat K Cx+ :xdLjX0 >o VtCx+ aA^x,)<o6 

(> - A,) ^'cx,) d ^ K (x, + Cx» + <^-Ao<l) - 9Cxo] 

i*a* cp Cx +XdL) 4 (pOt)^ CX-^? ^CxQd ^ ^ 

k,Cx+><ijXi) 



if 


i» large a© e < k, Cx+ xL.x.) < «o «aa ■>[Cx ,)cL <o . 

B$me x+ ><!<£& for all Ji>o camot holt, i.e* Ec 
1« tewted, 

Corolla^pjf i s Xf "vw ^oo 
ia Uatm^dji k.(x,Y)<‘" V'xcp. 

I'ieiaaric 2i It is vary l&yortmt to mmrk omr bam that 5h@or®a T 
ha© heen prcm4 by Loutentijk \l3§, 64 ]| for the oaee 

thi funetim <p ie Cf • Here, hasi«e'v«ix‘ti w« have ehoea that tha 
thiorea atlll ho. to good ere® if cp ie SBSf «4ilob ie wore a«a©ral 
then a Of fuaotim* ^he fbaerm doe© aot, hoe*wr,j^holt «5t«>d abau 
the fmotioh <p beloag® to the oiat® of f*Of (but aot SHSf) 
a elaes siore ,;,«Boral than that of S 'Of fuaetlooe* Therefom, wh«a tp' 
ie iCf, «» have asEiiWt i» (5#t*18) Idiat ’ttie Theofew 7 holds, 2hi» 
reeult ie of fwadaaeatal iaportaasoe 1» eetabliaMag the reeult 
that either the mtymnm (_Xic) of feasible eolutii® , 

geaerated twriog the eolutlou of ClS»,l»t) with the help of •Method 
of feaelble Blreotioae* bae a eluater point cor the ftmetlan cp ie 
uabotmded on f* 

iwauidi 3* *h«a fSco« the Uteory developed and the .sssuaiJtisme oade 
ee ow alu da timt the aethiod of feaeitle direetlcKie een be applied 
to the problea exactly in the aaimer deecrlbed by Iout««idtJlt 

i ead ia» eolntlon ao obtained will be the gloM optiaom 

(lOiXiinMt)* 



fm m 




'cs Of 3T ;;€'::X':2r?» as ^*0 


SW P*P*(iiC¥)|(5»1*l)i *t3« pro&lsa is dliactlj a.ttfs«kea 1^' 

atariiufei with ao. iaitlal solution € f aasumssi to fee 

w 


toswa {if not tttea eaa fee ofetaiaed fey k:.imn \.l3';i3 ) 


eoieli tfeat Vx<p (^Xb')^o $ said ofetainijag a sequeaoe of poiat# 
X^fXgt*'*"*^#3£^ f eatlsdrying cpCx^t,) > foi* 

Baflagj ijaneifated tfee sequence X^i,X^ t-***^i\ of fearslbla aolutia'i® 
m fioiiit Gp i® deteraineit, liie first step ia oalo'ilating 

Xk.+, is to dttewdiMi a directi ^ dy, * One projperty of 
ia tfeat fey novinii iptsy froai to tfee direetioa dL^, t tfee t^ue 

of tlie 0*'F* tocrensrea «p «t least it toitially tocreaeea* "roe&yd 
ia tlae dlreetioii <lt^ from uatil oae of tlie two eweate tepiefinf 
either^ (i) CpCx) ie 'tiroti:aissei to this direction or^Voo■>^#alsi|.; 
fiathmi' to tisia dir&ctlo/;. -would r;o beyond tbe feaeifele set* first 
point at wMofe eittier of tlm tm mmtt liap|i«B8 to « flie 

metfeed of oomputtos ^ eltoer it to eaou3:<^ tfeat 

*^CXk.+i) >cpCxiu) or ia oooeluied that m better potot ^1L+, 

90 Huit ie toe deeired of toe profelea (s«1*l)* oKoiee 

of toe direetioaf <!«. tod torn leagtli of toe etepa tateaa to aot» 
froMi X,^ to' amd toe otMOtoe of tlie potota X,^ ie euoii toat 

eitoer toe eenverdeaee to toe Tr^atisius m of cp oa f ie ofetiiaed or 
liukt it to eomeluded tliat is letoouaded otwr f • ' 

He aw ia feriaf toe procedure for ofelaiatoit toe iireetioa dtc. 


tod toe itep-ieodto \ eoito tliat to wawind from to x^.^==x,^+>dfcC? 
^ CXk 0 > ^ CXk. ) ♦ ^ iaereaeea itoto« d^. at ?5asiu;« ijoaslble 



rat« viS tli« laaerease la tli# -wslue of cp at each step i» mxximm 
goaatbl#* fast that w« M 0 i<aa that w® ar« at ead we waot to 
find X^ Bueh that w# aw iateweted in co’iputiag cl„ aad :Xo • 

?XS-S3*-i fo find a dL„ throygh X,,e P 

w 

we ®olte# ee icitea by Xouteadi^k [l05] f direetioa f-hidiar: projloa 

^v«n by Cs*tiik 13 ) for k - o , and eukX tl^ aolutioof a !»«u*f#d* 

atail&ol© act X„* Xay <^o with { ctoj<r ) aatiafjiag Cctoj<r )e 

DC^ojO"^ with a'>® will b« a alnee# if <r>o , w« ehall 

i*ote %C^<>}dLo<o for aod 'T,CM<i'D>® «ad If c'^o 

hold® for all with {d^ojO' ) eatlsfyiag QLojO') £ DCXo^ <r^ 

we haw* as the optiml eolutlm* 

la «m» the set I he a null aetf thwa the dlreotioa fiadir#* 

probl** redaoee to wlwe (5«1«14) for K-o * Here Miy do ositlsi'^-.-rici 

do£ DCxo) with ^Cxo<Ao>o will be a a«f*d* but tt® re' t^irciis^.ty 

<^c im ntaxiiBleedy win lead us to the b*u«f «d* aloai^ whK^ 

the v&tm of iaoreaae of cp will be aKdaua* fhie b*u#f •d* will be 

manets those which aMi'.lefy noraalisatloo requirement* If for the 

/ 

r^ixL'rQ.%xs. weotor wo haw t then the o;:. 1 ;i.’!saIity 

oritericei C3*1«£i) f<»r X^ beiaii tlie global waHnwi <€ cp on P la 
saUflfied* If $ thm — » meA thia also 

iapllee that X^ la #obal rissxiaun* 

fflsf w&im mimm§ mosmm 

fa aeeuwi that tla©i#i X^ fws haw found a u*f *4 t dj, # iwar* 

«a how BOW frott X„ alee# d^» nehlni a etey of InoiflA lo toor* 

W wl 

no lax|pi Hiatf 



it) tim» of tlie ooiistrainta i® violated by the a©» trial oolu't-.^.'n 

^ \ = X„ +>cLo i 

(2} <p CXo + 3k cL, ) as a of a will be saxiaiaiid, in 

the directi.* dl, , eelijeot to the cotidiiti.4a that € 2 

for this 1VS dsfias 


X* =5 -ywaoc • X„ -V- ^ Cs«1«28) 

fro« (5*t»28) it la bow guaraatM that th« etep»l«ngth of 
the aovw siaat he $ :x* ( :x* = 00 is possibls if aoaw of tho 
w« CO )• Agaia 1st be the soiallest > eoeh that 


q> Cx^-h =: •vkviMc CXo +:\ eU) - -Wk.<3wc V^C^k) 

Mere will hold* 

Shea we (haoose, 

a* = 


C5*t*29) 


(«*1 .30) 


If >0 sea t eiidcf is 3K!f thw the aes'.i»ptiott (***1*17) for cp » 
«a8ttr»e that 'wvseo «iii hold so that cp is wibotnaidedt for if 
'VM.<oa » thwa xtPj q?a)» 

that A s 00 esQiKit Mid* Aipttt eiHHS «ad <p is B3f ^ then 
ths aaowi-’-tiim ©osure® ttet <p is eaboiaidted ia this ease 

and if :x is oot iof icity sad oa iafiaits seoMHioe of smints CXk) 
is fsasratsdi thsa if ths ssquBnes has m eluater ftoiat then <p 
Will be usbomded s|Si if <p is boiaided m ft that the set P^cxo 
is boisided* Siiaos is eloeed alsOt therefore it is ec^i^^t* 

the fifemtioa cf being «oatiimoos» and the mmmmm bsing 

a hoiiottMaie Insfsasia# (obvious eohee^ueaos of Xsmia 2$ fiworm 1 . 


<pCXo> I io boaoiedf no 



aad (5.1.30)" imi-ly tliat for all aueh tfciat 

by ooapaotoas® of ^ mm obtain axiaseno® of elustor poiat of 
tofioito mqmmm (Xic) . «o fiiwl 0^* , fixet fla 4 

3 >j ^ 

aa axplfidnetl bolow^ ao 4 l^n clioose 

^ ~ -VVttAA/ , j J Aj J Cv *1 *31) 

to fia<i >* mm tiM ti» largest root of aaeh o£ tb® 

~ for CeN (§#1*32) 

aa 4 tbeo tab# the sawsllaa of the fifjores 00 obtainadi. for «ai!^ 
i c tfy thia for ioatttieo^iHi 4 ooe by levtoa'a lethod. 



^ >0 


,ie 



( 5 # 1 # 33 ) 


3.* = H 


_ 


-W' 

d 




-<i«^ 


Ct„; < ' 


i ^ >' 

I 


, i cT- 


(5.1*34) 


thus by rm-^^tlng the pro'ceaa «e obtala mq.m»m of 
fea«ible polots ^ eatlefylaf 9CX4,) >q?Cx^) 

for »e1,2|,«««««*, K t smtiil, eiiyiwr it) the oytlaallty eoa<litioo 
(5*1*2ft) ie eetieflmli or« (il) there exiate a for o<.:xH.^e 

for f>o heoorer eaollf «»eh that Xv.-^ :xu.<l^.eP , or {^'' ) 

<?Cxo- ‘P(.Xk.-0< 8 ehere S 1« • 8i»ll foeltlte laaiHir. 

^esourhi XlthoiJtgh the »»tMI of feaalhlo Sla^cti^xts we ieeeriMi 
ehoee ie a aon«fi&ito nethoi yet It ie eonvergeext to mi' opfl^bBei 
mtmim* lawevett witimxl eooe preoautlooexy ate^etiree the mqmmm Cxto 



©f aor.Tsrg® to a non-atatiottary (an« thua noi.»o:tiJ 3 al) 

poiat* fo pr®f«iit ttoia eod’wrgafle# to a aon-statlonaxy rsointf a 
eo cailfti * ijitt:-; Reaeftatlon* [iSS"] is used aod it is eaoily 

mtmliAmi m la A.O'uteadiJiE » that with thi® praoaatica ai^ 

point of aoeuBulatloa of the iinqmnm C^w) i® ai«o s atatioaaiy poiat* 
4t £ei ^ntriii oaaa tli® pTobleae of fiadiog > and Ok ar« of 
tb« »tam t^pa* But if th® oOjaetlv® fiaietioii <P b« (l) th« {..to 4«:* 
of two IMeor footorsy (ii) ratio of a ^,uadratio factor to a llnoar 
faetort tiuio problon of flodiog > (if eueli a ^ 

Sstm = o t wbieli will t»6 ra®p®etlv«Ij a (i) lioear m& 

ill) «|uadr»tlo aquation in jx t ^ aolvad easily* .Also if all 
tlw oonatrainto ba linear then also ia eaoil^r obtaloabla* 

-e aow lllMtrate our prooeiure hy aolaisg the Ibllowito^; aLiai>Ia 
nuffioriosil aaci'inpilo of qua4ratlo iadafinite funetional 

KU^T.'20Ai EXAlIPE 

Waxiiiiiae qp = (oc, 

aubjaot' to 

X, H- 3Cj.^ l 
X, o 
at^ » o 

1-C^, -*■•)] X 

Itamtioia I* Iiot X^ =» be Wm initial Bioaibilo 

eolutioo* fl»ft tbe iaBial iireotloa fiaAtiig jieoblai ia 





laadLaia* cL, -v- i.dL^ 


vimm 

ti, ^ O 

o 

"I $■ d, ^ j 

~l ^ d ^ J 

/ ' , 

and th« •oltitioK ia (4oi , (ijl) uaid IC^o) ‘^^03= a>o 

/ /“ 
«lileh rt»ow that th« diractl ja Chi) Is the heat at (OfO) 

andi cpCM=i I • 

Hear «i0 solirs the *atep length findtog* probls** For that w# flssaft 
find hy solfiag 

~ \o) where 

«L sii€l # ^ "V I 't" .3L "irl ) ^ ® ^ — *”* 

ehioh dees not satisfy o<a^&» therefQr«« there is m along 

whioh the fiyustion will luore^*ae«fc ^VwO'.^iVtrtvMaiWi- 
*0* as find fr®B 

=: -^-~ ° ~-?-- for OC. ■»■ < a, ok Co^c;/ 

X 

mm y„ ^ 

and we m% Xi = C3c„ , ^ 

ij^tls cenpletes llei first l^Krati^m* 

✓ 

Iteraticn 2* low «s hats m»vtSmm at lliis stags ths 

mssstiw findiag prshlsa is 



Mrnxkulm 3 dLi 4 - 4 dL^ • 

SWfeJtCt t 0 

4 - ^ 0 

I cL| \ 

"^1 ^ <L^ ^ \ 

m& th® solution is <^0)“ = <^tjf 

/ . 

g&owina «Hs« tiJS dlrscti tt C-1»t) i« t*® b*et u.f*d* %t Vt,1 

To find 3 t«p-l«nctthi «t hstvmt 

(i) for 


= J- 

IlMirofWif Pi** — t 

4 

Sew we fij«l ot from 


— 

1-c-o J 


wbi^ «atl«f ia® o < ^ g. 


(Bacattse m Mm efUf ^ix<° ^ 


ftoa «a otitain. 

>, = -WM^ ^ ^ = IWu*. 

— J- 

an&wa «tt X,. = (_oc^, y *®* <?CM= 

Itatmtiott 3 * ®» atari with ao* «« i^a're tl» faaaibia aolutlon 
X m Orator® at IMa atat# tM iiraatlaa finding 

proolaa itf . ^ ^ ^ 



I >o. 



XCA.^i-O 

to 

^ I + cL j_ ^ 0 

-t ^ • 

-I ctj, ^1 

y * 

0114 feiwt aoliitlsjii is > *^iO ~ ^*’->°) 

/ . 

sueii ttast 4.i=»~ ® t»i,'lt«« t&iit tm op^tmiitr «cfe'4il;i;>a 

itt Mtiffiflti* l«no« m im.'m oi»toin«l x,si. , x = £. m tli« 

’ ^ ^ ^ IT 

o^iMti toiatitm to ite giii*4o pTOtiw smell iimt ~ * 

MmmxU $»f t« »e« tl^at lioire «» lui¥« mlvmi tlie pToMwt ill t^e 
Itesretioet* Howoimivi tli# Mttol i« fiaii<^iiiitt to 


* u 

sweiAi* ff« m wmmimm r.m-nmk-L rntmAmm^* 

to toto aettiee v#. eiw «oee«^s»o4 wito tlii |j>robtost 


UaMaAm 




"% q Xj +• A 

-..<1*1 — ~ __ 


iLd3Xj + 


4-1 



*YW 

^ c;x.4-at 
4g» 



(5- J-.i) 


«l*j|««t to 


^ «-cj 


tc 

4*t 


O 


(^C = a.^— V 

(j = — '/ 





«4i^ f to « jsiMMt^iiw f toito eai too feltoetoi 



ant team e0ttxi%’'rata« 


(l.) lUli $ Cj- # ct^- > £>c aM ^ 

Cti) fo ateii tlMi ©f attainaMa^ of •’^si.xiauas it I® 

that ttoa attt« f» of foaaibl® aolwtiw ^ima. if C5<^t2*)f m®. 

P ^3,J~ :> ^w) y "Si ®'cj ^ 

L OC j ^ o (i = 0 a-j v'*^) 

is TSgoiart i«*« Ixisffidsil ttni rumHHtptf • 

•VV 

(iii) TI ^ >o for tall, tia fa«siil.« iM^lutioos*. 

4=1 

Sbt 0»f • C5i2«l) is pf»»ir«4 to i« KM &mt tlM mt of foaoiltio 
•olutloiio oooii Ite'l #!• |:;ossibilltf of tits osiotanea of on *MJa0(«t 
fortox ltetl»»4* for oit«i»iii« tit mluUm of tlio I.l.«f 
ieiM»i^4onNl tiimm in e£iO':xro4« Sio«» liis eoaiitr«.lffit sot (5'*2*2«ll is a, 
oamm jiOl,fMlr«l. ottf 1ilMM?or«t it iiaa » ficiito jotoiitor of 
i>oiott« teoo ttst oitte4 (l«va.lo|>sa i« fioits Itoratioo laitaoi* 

%&<»rsa 1« If f io a lOX fm&tim m a. otmrax mt 3 CL. i tlioft 
tlMi lkmsti‘4i cp Oofiootl 

i f f ^ 

cpo(; ^ a.. + a-, fCx) + <^ 2 ,\pi)] ^ -v- (5^*3) 

<Lo is sa ariitrsagr soriUar coastaat* f i« fiaits mI 
mm iOosHM^atirs sriitxwrf 'sssiar omstMtSf is MXm KM* 

Mwootm %m% X|t ^ ^ <tBjr two psinls la 3* 1st sni m%mM for ’ 
fC*|) awl fCljjl tsopsotiroly* flwtfsfom, for '*'% *''^‘*'5 ^ --- ^ 
os spMiitioa itt Has iisifMMKy wo luiint tiMst 

^ Cfwtai) 




siatasrir 


=» ^Cxo ^ <PCXz.) 




»« V.CPCX.) -...CXV.0 

anwfare Cx^i— Xa.)v^cp(:xz.) = 


XA 1 




J CXi-xJv,f, 

a«i*jfi *«iM» «**•!«% positivity of m^ moA of Sj .,*— ,a 

W« obtain fr«K C5»>«i) tUfttf 

/ 

C^v-Xz)v^(PCxz) :^,o =^(^>c,-xz)Vxf^ >o 

- CX,-x.)v. <f CX.) ^ o ^ Cx,-x.) o 

OolBg tlift pwudo-sffi&aotouloity of f mm S, m obtttia fvm 
C5»2*4) «ii C*J<‘t*8)#C5«4?«S) r«ejjootlv»ljr, thot 

0^,-Xz)'^^q)(Xz) ^ o qpCxo^^CXz) 

*“* ^»“^i/vx<p(XzXo cpcxo ^ 

i*t* i« PCM (Ofor S- 


•JL C; CC ■ + oc 

emmirny 1* — •>=' ^ ^ 


4-1 



W 1 

- 1 . \ 

' 'Vl ^ 


-V- ^ 


1 <!=' 


«J=^» 

u 


i'jp+l 


m ctvMk iio C$41 •!) to MK owor C$«t*fl« 


9m proof of ^ CoaroUat'jr 1 foll<«« tsao&iotsl^ «• « pirtto'iljqr eiuMit 

«n. 

"SL Cj* DC * -V ®C» 

-j^ — t I, mm &mr ($.s^) 

S -t 

fhooros Zm M i %0 m Ml fmorltoii iofSiMi m A QMIWX 





mt S cz. I®, til* fjBCffltlon <p (i@f tB«i hy 

cpCx) = 0,0 +- a, ^Cx) + O/J. --- 


4- 



wi}«ir«f f i@ tt finite iA%ii0iT$ a.. i.» an 

«0iwtniil «EUl > 0# «"» aa^i-Hwiiati'wi «alar 

e 0 a«t« 0 tc 9 £« also cwr i» 

l*«»of of ihacsrea 2 folio*# on ffe» lta«» of tto® l^roof .'-ro'r^.ae??. foj- 


flittwrtii !• 

Eomrlt 1 • It io to raauii^ tlwt timwm 2 i» ollislitly mm ^moral 
titan 1 in tim wusem titot it imliidoii itiil naluxwl pmwcw of 

f f 0 «%rmn^ mtiA%%lm of 1* tlioi** on f in 

ftoorem 2 wisiott i» not tiiwro io tm 

Il0tv%'&mt tie BO* OtBorlt* tli* oc^>utatianai .aligorltiw 4«f«lap«l 
i|# ttif protXtat glTOO t; C!>«2*l) oni { ^«2«2)» 

Xft ib*2^) m itttC04te« tit* olaofc *aarl 0 l>l«« iM ottalJip 

^ a,£,^ OC.^ -V- — l»-o ^ ^ ^ 1 


'y\^i 

» 0 

(_ Csl^a-J ^ovl) 


^ » 



C5*2*3/ 


t* mm nmm» ttio 9mmmi&tm In (S*2«3) mm mmik ttet 
th* r«nk Hm oootfiolaiit antvix l» Hi* fiiMt • miiuitioii* i« 
t* tt BBi tlMl tlw ««»li «f tim mmttmmt rnmmx %m w|0tl to Hm 
wmM of taw «itipimt»4 antJi^s* 

it* in |ll 6 ta 223 «« mxpxmn tlw fwotiOB I ami Hm 

fcitti* taapi^l)** i» t*i»* of »®a^-^fc84* *»yl:.Wo«, for wmmt m tmt 



for tte side* ^ tHAt %h«i iraxl;;/:;;sittft 


mm m SRlnst a iwiaij'l.® .ar® ftm &a«44J 

twliMaa* fhm frm i3*2*3f m otft&Ssik 


wtetxw 


— X>q +2X6^ ^ :r \^ J-^ ^'^v.) 

(_‘V=- ^) 




m<& tia att of vaadi^iaa ^ io «Im mt of oon-^aBlo Tariableo. 
# ^ 

fimi C5«3«4) «• ixifor ‘V&xt om liil'liftl. %a«l4i ' 

gkwm if 

=• Xso 

la ooalmotloa CS*2*4) fl«i4s 


^ t 2-^— -V 

Cv = '. 


2-.— v'^; 





l .««4 Umi «^J«iliini fumilloo It lisii i««tt ^xps^.nm<3i la imia of im**- 

'f# IW INpNil4l|^ 

tiMif t* tflaaidLoD «f T u B Oift ng V«rtil»l« ani <}|»«lgH^%' QrilwilLoat 
w*- iotttlAer ^ piVtial Oonvalff** of S «i«li «« 

}<rv i 



<j— I 


<1=1 / 'j 
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C^‘>‘^6 


?-»■)+ % 
(e-^f 




i*t T= \+ + 




^veo-^e<iW 




— <^10 Pi 


*^4- ■^i '^H 


'~ f ^ ^<i 


Sl»ittf»i«» fmm {5*3t*t) m Imm ^ /= >, >•, — ^ 

jh/ 

^ - "^C^i + S*j _ tn, 




f 0 

If m% tSm laiHal. hmie fimwllsl* sa»lati«ia (5*8 *5)$ { ^ 

/ 


Senu^Ws tlM 'f«l>)M «f 


-7^ for j wlta,--*--,®# tfcwtt m km»t 

xb 

f. . / ./ V V n 


(— V 


L'-^ 3(-^)’- + 5(-^)V --^-fe-^-^'KI^) 1^' 


l« iftwi mim tm tafCHnwiM (»i«tr«»ti<»ii9 mm irnrnm 


Cs*a*f) 


1 . M C'»*«'»»)f 1» tli«(^B«i«tf«^ aP Tfy #«iiwlfflt» ««!% 

oC + ^ ^ 

— y H: 4« to<Ntp»*iiit «€ • 

d=l 


mm peumtu nC 



W 3 »ll* 


C«) 

M tf ( < 0 If ^ o y^eii nt ttai 

/ 

ilil,tl''3il 'tesi« t» ft 

Of iHi4 liittofoxo & «Mtll ill 

wi'^ otlNir mt flui l«wl will not iaexi»«i8« 

if wMm Z U li^ 

fimmfoitm if « 


40 for alt i = ^ C5*2*tO) 

J 

H^MMEi m JaKfo C5*t*5) m» f^w I cal jMxiam Md lh«aaea tluc' global 
msximiiB oaiwlMlii. 

If ^6 '*^1* 

iaptiao a.% aiw iai'licl Oaoic fCM^Ota (§*2*5), f ic no 

iiicxoaaius' ftanetloii «f maA lOaoKcforc » aaMlt l»ert.&ac iJi 

/ 

will iMxaMica 2 awii ^rcf«ra* la tMa &mm ia not m 

oftiaai ddutiottf icnS iMNaMNi it ic poaoiOla to p oa ammu^m 
mtill «Ni .awi* to olNif to owoi4» 

(f) lUctoc one «r tiM wciialiloo aigfttiwa . C5*3«1f) 


Ci) 


X 


iwiiiaboo meA ia aloal iso ^ooom Mcattvo . 




ii ilui iwalilwt «hmmf wa oOaan^ I^EO* UMil 

to «ao 01 % iNNiotarntf over laoiw aiii (S«2»12) e^mt hiip:~« 
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iNNWHIft iJt tilt tf 


^ 3 / 


la C 5 aS*@) { f it tilwayt ixxtitiiw 


ttimt it oMttiat tnilsr tvta pmmm M 


^ ‘^i \ 


mA 


N. 


2, 

%» IMtiMiaitiit af t ^ ataiaiBata*- alta t* 

tl^a^fore, aagr mauat «df iacrtate is sill a»t mtfmt tlm 
QiZ 

rnim <rif -- — • 


ffewt flfijr for wfeltii > o tsa t» liai asa-Iwutit mriaMt 
tMitlt is to iitaowi thm batia rarialit at ttm a«at ittraiton* Wt 
tfeall. o«ll mma^ a rKriaM.* to It tiit *lteewlaf Tisriatlt* • ftm 

i^lat of -rlow it i« fllaairo jsror^itsOJle to oiiaoBO ^tot 
to la latosisf voritl^Io witiofe tatitfitii 


"YWa>x 

J 







to iiavo HOOK ttait is Umi mAf pMalMiltgr* llanifoxot m 

iWH ipmnpi wP PWirP mm W ^Wf WPPyiS PMP lililjMi iPWibiiGl# 

so o<^k^maio iMi 

mmm^M^ it ^ fwilwriiM Si^pa ^k. hmmmr !• 

iim4i isAiPNiPPf it la ooiootaft iwm C5«f «4) tf oboeoisg for k. 

ll^illl Wimmm mm wW IHIIM 

-— - 1 - = H^- ■ ^''° ■’ Xij<» . (».i.w) 

(V„j\ /. \T('^i\ 
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Simmmm laumt aw!iM»4 m% l’ to I* x^ulai* thor«afar«t 
" 4 ^ C •»1*2f*---~-9a) »lil «iia?®l^ &« ja«gatiif«» sbftH. call tl» 
vioriaiila Oc-k. ‘♦Oattioia.ts Ifatiafela* • 

f M^wlm tte laeoatci aod 0 

Vari«l»l«s «• m» mm ra«Sj to tirmaifoa tte tmbieaa* Sinm 
t« liti immSj/m 7aTiisl>le' ani la tii« ojtdyi&i, 
wm uoa tte t^uaticia 


0C>|j^ — "I" ~lt£.<V S-y CS'#'^*t45 

/ 

fircBSi (5 .2 *4) far k. to acfestltot* ts^ 1- M tmtm 
&i tiM »«« wimo^mmiOi varia^lji moA a^ar soa^Niaia iwtlaliXea 
tferou#»»at tlM cafiatralata aaft wlm ia tHa fmatlm X* 

fr®« C5«2«I4) »f* iw**#' 


•I — , 

- -^i 


7^,0 

Kjci 




V 


‘V=l 
“V#/ 




C5J2*15) 


.iUdag tti* C§.8#15) t© •liatoat* i» C%2*4) mA Ij^S) 
w§ ©lilaXii 


'n- 





= Xi, + j 


Vfc.e 

■y-i 

nv V 

»KV 

v-i. Y,c; 
V+4 ^ 

nrv 

”* v*i 

11 

o 

1 

« 


w ^ 

"VV 

X^4-X 

^x» 

'V+a 



^-4.0 ^ ^4V 

‘V+i 


|§)ii§*1Ml|l 
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WmmVv 

Tac 


- Y| 


Ico 


ZlL 

I'lc J 






wiMiX^Xs" 


T»c, 


~y^A_ 

^*-i 


'A 


^ S.t^ -n- ^ 

'V^ A 


iV +1 



tMUfdfismei lw 


XV+l 





oC© 


Tfu-l 


■^4 


- , 

= S'' ":^ s 

TTk-A 

— g^A 

i Y»C^ 


1 


v ^ I, 
‘V+ 4 




C 5 *s#it 5 


C 5 - 2 .IS-) 


Cs*t*if) 





Z > X . 


'A 


V = A. 


(S'* 2 # 20 ) 


am msmvM tin wcmsM wit* tlw mm ahirnttm tmmtim. 
Z «tt< 1 *»« mm ami» aai mm^asAa m^staSsHm m 4 it tUl 

t£i« oiitisallti «irit«rioa «iall«ir %a mm ixi ('i«a*10) i® 

mtinf i®4 at «a®c • flii® will i«iwi «» t® tlw optittai 

foittilaii*. 

Conmit'j.itMa* m£ ^ liitMli ft xmtmM Hitt tSmim§ tSm pemmm ai 
eaa^utiisg' tlm oftJjiiL af»3Mli®ii titli sia Jy»it|jil te«l« 

fttcillt mlvAtm wt mm wHat/ei^m mmimg, tt tnotitr l>aHi« 

oaljf_, witli m i®ipr®v «4 imkm fiC I%hi Sofa $i»wi ttir 
ttuirlmittt wt in liull m ttt* 

•tlwi wolitr d£ miK^tmm pmiMtm ia fiiiitt* liii®* «iir at 

flMlttg tlM mmdmm. m£ Hit i« 3 **F«F»fc ttuMiitiwA hamm «lli 

la a flaift at attft* fmtHSmw tbe aaturt at Hmi 

fiNsitti«n iMKlAf vMii Hhtt tvtijr tptijMi mmst f i® 

vllii Hk# I fe t l # idf #l ip # is Mi ^rntM, 

mr W tIPPIP ^HraPP P'i WJt PP w T' TP* ^ *5W fPPPppiWBWpp 

Hmi jgltMl atslawi la a flMlt aiamr &£ «tt|Ni» 
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»»« ic All rSXA'-iiTii; 

mow ©w snlilioi hy «'ia«ti« 3 f 4 ttg « aiitieritial, mxmiiXmt 

m»vm iXmt p • 2 to C5#2»l) m&& 

s 

2 .*.,+ 3 x-+i» J + J 


©yitjtef to 

ix, +• 5 x.^ I? 

?X, + »• -6 lo 

J ’‘•J- ^ ® 

Inttoivning ©todic mnrlutoto* w« g$% to* mi 

3 5- 




3X, + 5x^+ X 

zjt, + 3Xj,+ 4 


i X,-f3-».^+‘f J La-=t| + i*i.+ M J 


itolijtot to 

3 X, -f- S'Xjt -^ = l5 

Jx , + x^ = to 

MIA m iMto viirltolM M ©xpirta* to tim 
MMtiwiii** maA Sii t«Mi X| Mi ii| ilAto mm x wH i Mto 
floiiilAim* 




lO^ZZ I 2r— S 


X.|^ -s Ip - S’Xj 




(5.2.H) 



Zimm a i.m 1 » l^xaut <s€ md tiier»fari, w« 

idto#etJL 3 r fi«Mi th» initial baaic faaaiWa soiutica «d tlit rmlm 
#f & at tids laifi#! aolutian* 

Imitial ftaitilDla mlutlm ia 


mA 

X = *6 56 


mff'axwati.tttind I *itk ta maM ^ attain 


Q'Z 

'tX, 


X I, -, 

/bx, 4 - 5 x^+ 2 - ^ g / 3 x,+rx 3 .->-z. \ 

i xxi + jxj.+My V ^ ^ V 


S'- Xj. 
^x X- 1 + S X 


X, +■ lif 

(iX,-l-JXj_+ 4 ^i 





it. i« piiHdlila to i ' 1 ^ mMja$ aagr if 3 i|i a li««t« 

fiHrliMtw *• (tiwawNPi to iaotiar I®* iwsado not otoio 




1 


?o ebooitt tiie YariaUe coaput® %h» rati©® 




1 




"'‘a 


<. o 


/O = a, M ^ 1. 


aa& eimm tlw aiaittw ©£ ttei« 
(!;>* 2 * 4 ) ani ( 3 * 2 ^ 3 ) «• liav* 


i>'3r\=5 , 2. 

A 

fluirefox«f i« tiw outi^SisMi TarlaiXat tte' varia^a 
t© feaafflMi ac»-*a»i©* 1&w» it i« profitattia t# ■ iatKaas# *j. wpto 
5 ©lily iffid th« Mai© YariaJil© ^3 ia »«®a to l»o«Q«t ttoa-l>*a.r.,le ©ad 
ridottos t© loro lovtl* 

GoapxtiflW iMMit witd ISam }mlp &i traaafonatloa (§•2*19) «ai 
( 5 * 2 * 29 ) tlw wm liaoi© Yartai»li» mt thm mm «tpr«esim for tSm 
fuaeticu in toiwi of mw tasio Y«rial»lo« ^1^X3 




5 



fteie Isave tte mm 




A 

o 

A 


A 

=4 




•iii ttm mm if«l,ui of ite m^rnttm m$ 

X = T. S65- 


Dtt aow f ina 



flitJi iimMmm m-lum itrjc'iiniS «l fiM 


^ 1 , = ^ 

ifttli Hw iratei. «f ii^«t«|iiNi ftMtilAi S • 7»9<$« 



11S&I.0WASBY 



f • 

y 3 • i*« 

Urn) ■ 

*A i@t« m ’%;"0,;r5u:5:cinif 

WmttlMm Umtti.m)$ T©1. U, IT,-* 

(tfSi), ft, B-105* 


I($pa««dly f*!** 

Cl9«4) 

f*iitaii%isi» fear ai fiartliitiliir 
tjrf# C(Mr«* B?otoliisf , 

^entixtsl. @aaaN4iiKi 0par»ttim» 

s«eijt4j' «f QamSmt 4> So* 2y 

Ct9§i)» fi* m^* 


A^pOiVttlt 3»f* 

itm) 

Mrmr 'StmtimA I'MitiieiitL 
for 

iM 9m 0 4i l« INm* 

lid^tNiAi IbititMiiKatilef Mr* 

4* 

A)tfliX««3.y 3«t> 


^WmamttUii IhemtS/imtik 

So, (2«3), (ffSS), ff, ICJ6*fM# 

%- 

iilatty nS*Wm 

C»»5i) 

lll%toMlfi«»iti AfMdjgjUl f#V jiimMt«t«f ’ 
Sfur S%* ilMrtiA*» fmm$ !|3S« ' 

«« 

Jmtmtf 1*1 •• l»« 
Ml «* ttelNIft 

i^jL III liiigwiiirtriiJli mMU 

PWlilAS 

Ctfse) 

ia MaMi«r attl 9(m*r4»«ar 

SliiMPaM* 0ikiif<»iid»i 
0lMnfai4 fill* 

t* 

Aretpff K#f«y 1»« 

UMl »• IMMl 

Cmi) 

lit 

IBMliWMii^ $m* iff* S«j£* CNun* if 

IISI) fp# IB-111* 

S» 

MmWW^'§ mn0§ ♦ MPH 
lij. 

(mi5 

fiO.* 29t So* 4t Ct9if)t !•»« m-^* 

9* 


(fist) 

>»Wm SallipXox; MilMI mb^ it* M iyflimMtm 
im Gmmm 

UmpiH^y f^* It, Um)t Ft* 325-34$, 



(tsss) 

taui^iio PtwMiiy Ian* Cfissi* 
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1S« Jtewdctot S.W. «i4 
%» Cl95@) 

13* teWBiElAt 

1* DorfteA. C 1935 ) 

U* E.i.li4lf3f} 

1 $* g*lt«li4l95S) 

1 i« 

It* m»%m$ 0 a« Ci 9 it) 

Itt* INM^rt 

19* mm%mt oa. i%m) 
20* &Mm (1966) 

21* eJi* (liSil 



*’'0iei tINi l&te fuoter fUaiwW* 

C«d« I* 

fniiltiMxm Cl96t) 

ppm 21*^* 

Oil iuads'&tlc; fMawnlja^l laiir* eat CaiyLf* 
Wmm»i§ fcedtosijff (if!®) ff* 2d>-31?* 

fwarts ttedlwlie l^CiPJ-suajaii-igi Mi$m of 
iwr* 1J«®* lieg* «t <i'%Vjm±& OWLf* 

mtd Obiv* of 0«3.if « Bovlcftloji 1935* 

*Ob 'UteljclalikS o CofiYfix YoMtitti to 

%Smw Ctegd^alota*** lour* Hoj* Btat* Boo* 
(»)# fa* It, ( 1959 ?, PPm 115 - 1 »:* 

Qiioirt* fa* 6, 1959, ff* 22t-C43. . 

*’*Xiniiyioa lbtlia#o*| Xo!0**li&sost3E* 

H* 3* WsUlmi Vij^nlimioi, 

(196?) ppn 15>204* 

IDeiitfl&lto iteotima BrogMmdbiig 
wito IwA«4liaHiav CNiisolotaato*** Q^Uon to 
Oaetxo to Iteotoroto 0peratic^<r4}ll# 

iPm%0M)f fa* if Bo* 4 Cl96t?* 

'"toftota tofioto of Stoiiitj to 
totoftoito fiaiiotiana ^ 

tofortf IJo|NKi!lMMit a MotSMoatitoo, JMtto 
iBitltoti of fotoaolofy, (iDuSto)* 

(1967)* 

*9i«of«X llciiHE4yniaar Vtoettotol fatottotoil 
IfoiPMMto^ »if«r i^eoooated ot 
BeatoxwEMWf IMMtto Btov* 

Wim»Plmmk foMttooa 
mmgitmmiam aiii. . Immaona tojotoioo 
Bwtlito*', to»o.9totf for paatototM tii Bwo* 
Bia 'Os«po«iua io §«lt* (1919) • 

**fro£ra«tog ilto 3 Mi oitli toofifli Frootima 
Vm»iimm”$ Smmiilk tf Oiorotimo taaoora 
iitttotr 4f tooftoo (f*i*JI»)t ta# lif to« i, 
f9i»f m 599*591. 
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22, 

B»tilM»]r» 0.1. 

C19S7) 

fraetiCKBsA ?«cti«s£8l 
fjTogfwiwijag witu himmv 
%p«r at ItMi 

CosferetiOi^ «a OptratiOBal. Ii«®e«3w3tt 

i» MIM tloiir. C^967). 

23. 

Sector, c,s* 

Cisst) 

*Oa latur* «f Vm&mtmf C!ra9ti«nt« (art 

Batioml fm«rm of 
to ^o |iul^i«^o4» 

24* 

tat«HP} 0.i« 

1^967) 

’‘iHiofimt* s^mtlo ?rogra.*aai«v. 

^to^ar^ te®r» ia, 2w Ooiittro 

4# Opotnatloaiioilo 

(Bol4iiii)t tol. 10* 19fiS. 

25 . 

Mmtotf C«B. 


maafltttta CaliSo fregrmmia^s w4«J Steii4«ri 
&TOW ia 0b|oettv« fowotloa’** AoeoptM for 
f«i*li«otiott la C0«ws«^/* 

26. 

iMitori G.R. 

( 19 S 8 ) 

fwmnMmSL fvnstlim& Pro;*WB«liw 
ttitb Moa^Umm Oonotwilat**. 3Ji^ (SiaesMia^;* 
m. 40* io. 4* 1968. 

27 . 

0<K« 

(im) 

Si»«£lmi«f irogfomliig** 

lMl»orl* OtjiorteiiMi of m%amwm.&p 

Haiti tato of Taohoologjr* CSa4l4i)* 

<r 

m. 

0.ft. 

(mr) 

Qti^axatie twmtimA .fuootioiMa 
fto-iTMtiiijE*' for l*«i®»lloati«(a l» 

mtriiai (A«Mtr&ft). 

29 . 

amtm$ O.8. 

Urn) 

"Bimlity ia WwmUm^ •»« l*i«ftelto 
frogniM^'* SAW* C8*i*«»r)t ♦*» •» 

1998. 

30. 

lMttor» 0J2. 

(l9St) 

*»4 foli on OoawKitr (Coi»«f4%) ^ 'preOooti 
t«4 ^notiMti ^ ooorex 
»iii«3w8i loiwt* »«worteMttt «f lliiajiaaiiiiif 
Ifiriftyt. tiBWtttilti S^pirCHol^tA# « 

31 . 

0.2* 

(19S7) 

"’flaai Aifioti of fwfitif ar iMiflaito* 
ftaottonail fsmetloBal 
for fofeUoottao in CaMoro too C^ti?o 

IMi OforaiiOKioll*. 

3i. 

SmiImVi tJI. 


"A i«t# on Qaail-Caacioa iiil 

Oonro* faattlotto**. t* 8t pliHtifei*# 
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33* 

ItetQrt 0«R« 

(ifsa) 


54* 


Cmt) 

«f fesisibl® DjLwttiaiRii faa? flm«» 

Haiisx* Mefijait* fuBiotlaftal 

4fi«tt«rd2 SsiKBftf B#|i«irtiB»al «f aa1ih#iiiaatle»f 
lemtitut# «f T®ebaol:.£:y, lafttiua- 
(jbidifli)* 

33* 

ll»e$Wt 0*1 • 

imf) 

of M3P««f 1«# for !«• 

Umvt traettoftol fomctloaia 

R«,p<Hrt| ’^jpiairt*iiafc of J4ala#a»tic«, 
ZMlm Iiwtitot# of foetettologyi 
(liiil.il,) • 


StoetoTf C*l* 

Cl9ft8) 

•liiliia# of ©iiootiOKui In 

(f*ou4o-Cojft«aw) !'>0fr«WKiB«* 

fo Itt 

96ii* 

•wriovt 0«K» 

Ctsss) 

iftoliO. frm of lN»-i4o««r frootlofiwA 
fiffiictioBMal. ftoMosaPf fo %« 

yateiliiioOoi* 

3t. 

JlHsti 4J3JU 

Cl9ll) 

•Hot#*' Oft ?3a«tr*ti« mm 

kustmvmf «»4 

(mi) p'9» 05-9i* 


'SiMilif 4 •0«0«‘ 

ima) 

«Ca ffrivta sM BtoiSag OoBotiPiitel* iit 
Wmrnmsrnk ffo^ow",# ^^l«lll^s«»wftt SotottOOf 
m* Of Cma)i pp* 4ff-44t* 

3S. 

Bout, #i0«0« 

(ff43) 

’•Oft 3«iifil$l,id4f to Stmveic lfopw«**toi 

JNcolitoaii*# OpOtoftoiMi 8#iOi»«*tf lit 

■Cm3)f P8* m^m* ■ ■ 

40 * 

wm #*o.o« 

Clfl4) 

If^wpoiotof I ■o»to*iloUiisi 
.ffthdiaMiV emm»^§ mtumm (1144)* 

41 • 

Btcftf 0* 

(1915) 

Sjftiiooi too %me4Xtjm 0«»F«ay# 
mm tofU, Ifl9- {lte#iol» W 

B*S* Buitoftoit)* 

44 • 

•iilpt i 9m$ CHitl 

km' <a»ttlia-Ho«rl 

lir«pmiiii»i« OiMKo mM %mmpmmkm 

iOtMMiMi i«m mm mm, 

mf* 

43 * 

ilHFlHMIt f • INWIf 

l«t* |}«»&«a& * 

mm s» 04^ 

mrnmtmim am mmm^ saim 

tjptof 4 iNmo* iiv IMk* 
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44* 

<^axEt#®y A* 4 
%*w-. 0oe|»r 

i%%%) 

1o4«Ia «I4 I^u-atrlsO. 

AppOlimtifliia &t Mmm 

fell.* I A lit Sdm Mlmyt Sm T^xtiy 

I960* 

45* 

01ia,«t«iiy A it 
f*f» Qm$mT 

Ci») 

wi'lOi Matar fvii&iliimOl 

Urnvm ««a* &»g« Cttarfe* t'ol.«9y 

1962, m* 101<*106* 

44* 

SImemm A* i 
Ooolwjp 

Cl95t) 

'9emr &£ M|«cswt 

foiat HatMa", XmmmtHm fal« 25# 
(1957) ppm m»t55* 

47* 

ilbmmtf A* 

(lS5t> 

"OpitijfMilitjr M&mstmy In Matter 

, iEcotunietrloa, fol>* 20# 
m, 2 (1952) ff« 160*170. 

4S« 

Ohaxmet A.« (l955) 

i?«f* Oooiwi* mA 

A* 

TatvoAueliitti %» t^mme I9«^iw!mIixi£*# 
Aotai lilaf# liir TttAE# t9!3l« 

49, 

OllflXSItfty Am mM 

0* liMliit Clf54) 

^WUAAMmtAm CAT iw*liljittir .?4ipa7aol«i! 
emmm fittolilttialii*# 9«v« Paa* Ikja. ^iueerl* 
f^* 1, Cl554), ppm 301-512. 

SO* 

OlttameHf A«t . CHitjf 

f *f * Oospw mut 

''Sir 

*A timamm tm Owpm* rievi^raas 

vtltli OettNKX lkioiitiwl»lHi'*t ffae* Aame* 

m^m smm 69# (mt)* i05.«oi* 

51. 

i*i* 

(ifif) 

"A miwet t» to Oemtaatt# 

IvoipNmnliiif « OptMotili (iMUiAi^f Viai.* i# 
id* 1# 1967# m 27-09. 

58* 

l!ftii|^Kl 8«S* 

itm) 

*A HnttiiiOiAMtti IrUuitiii* t«t 

ISragrttwAnA** ClaAitt)y’fol* 4# 

9a* 3# 1967# m* 123*-152. 

55* 

OtUIBCt 441* 

(lifii) 

Maear CtMurltti I* Ibidll. 

Boaltty 1963* 

$4* 

§matm%$ 1* 

Clf3l> 

Mffarastial aai lat«gral 0iMLu»| 
Mter^oiaae*# fel* 2# Bew tmMf 1936* ^ 

59* 

»*!• 

Cl«55> 

**Umm lf«0iNiiiiM toA 

JMtattriNn. Iklir* Ifami# 1965* 

9i« 

SilklMA* 9 Jl* 

Cifff) 

WaetSMPA%tm «t • KmNKr 9iittM<» «f 
fMiiOila* nO|«ttt U mma» 1kiA4t»ll.«t»at 
Attttvtljr Amlawla «f fttNiiiotttti wA 
AHottAlaa (ttl* 7«iSf« Seapttii)# OettA WtHay 
J^Nmr# PPm Irak* 1951* 
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S7* luAtiigy a«K. “Soft m mlirSms Mmmit Prsf.sn^sst in 

lats^rs”, Mmvm f«ii* &» 

1 f»f. 


58. 

Sttakf 8. 

(I9ia) 

"l^r Wmmm vmi tottxii* fuaktioott* 
jpMi&saat vm 

h 0 ±^m^f mm* Vie^v, Stiiaiwflit* t«et» 

mm* m. s, Ci9ia), pp* 109 - 154 * 

59. 

»* 

Cwt) 

"SnOJUi stratifie^loai <4so* 

Pwm Apit* m. 30, ClMfJt W* 

iO. 

Bwwtii| S iiJk. 

(I95f) 

mi^mnaMMA ^htegeamtmpg aoO BX*ot3^o«l 
loiiloviMf Oaabxlic* la»sa8t:i<ijM!tta 
fol»al<3^ %iiii» ( 1959 ) « 

61 . 


(isia) 

"1^ mxiMmm§ 9iMm iwelvir 

tdiMaw WwittXimtm 

4||i 1l||##|»tf#g. t 

gppppi^iipt ^|^tRR*MR^^RB'WRMpWMHKWW''V|rWfW4QRlV^tPi9 iPPpWr «p i^wt'^'Si^fPriWPr'p flt 

Cifia)* m* w-i4i. 

i£« 


Ctnit) 

Wm*4Smm WiemliimmX 

llMi«gi»iiiii mtmmpi S&%* 13 1 19i7» 

§3. 

Mm§ w.s. 

Ct9il) 

"Os Hbltiplisrs mMI |iuii9U«Iititii" , 

Opmmtimm Y«il* 9f (l9il)t 

m* 9S*104* 

84» 

Bomt ^*i* 

(ms) 

"liMttAtj ie ^^wiinKtlk Qtaur* 

Ap>|»* liftklw* Wl* It, (iSia), p»* t55-1i2!. 

•S« 

Dcottf i .S. 


"A tm Owntst 

»«ii««ndk IimtMlt fc4» At 

f£» 407-413 0fl«4»*’ lilt* 

§6* 

1 kixn« W««. 

(m3) 

"ifcm-UtMiar fmmmKAm 4 

9§ to* S# IWHt 

f|i. 110-^« 

•?. 

jMnf w iiiii 

(ms) 

Sr^iSX9mma^$ I<0l*li« 

19i£* 

it* 

Se4g|}l4MWf 

Vllie 

(fm) 

99iXm\&m im 1«»«jG&ja»a3r 

^iBaisscto, T<?I.*tO, 

(I|i2)t 9P* l«4-m. 
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69. 

S.4.I. 

(ttss) 

"4 0««rrex B5rei,,,;3Pg««iini; Hav. 

l«s. I«s. Qttiaet. fol. it (1959) 

Pl>. 33«34. 

TO. 

Etwmberst S. 

(1961) 

•a lot® m 

R«jK>j*t lo* 9» Operatima BaseimSi C«b6wi» 
OiBiip. Calif. B®rinil.«^t 1961. 

T1. 

SisNmbtxgt S« 

(1962) 

•5api>or6a of a Qmmx foaotioft”, l^dlotSa, 
Aaarieaa lEatfeiimtleAl Sooiatf » Ho. i@t 
(1962), pp. m-195. 

TO. 

H.&. 

(1958) 

CoBrr*3sity| OMbriin® feaots 4a 

ant latlMsaBitieal llA}*aioat Can^riils® Uaiir. 

I¥®8«t Cairi»ri6iet S(i#aeMl (l958)« 

73. 

• « 

t 

(1956) 

Aigoril^ for Caadratie ^o&waing^t 
R&v. Itfg. {.og. aw&rt. Vol. 3, (1956), 

W* 99-110. 

74. 

friollty B. 

(1955) 

"luXtilO.iai Iktliod of Xiinaar fragmmAme^t 
SMttigni, 1955, XMiaa iiiatiatieal. 

XaaiitutOt Oaittatta (fiauli*)* 

75. 

friotkt «.- 

(1957) 

**i6iitip3«x iBilKSMS of liiiitar and Quadratic 
fro^^pranuilnf, f§mmrm4vm (1957), IMir. of' 
Oolo, lomnijf. 

TO. 

frifiOkt 

(1960) 

^(^iiiira'lie ^^peiandbag Igr tlio laltli4«tx: 
Mrliiiadi ia dasazoO. Gawi wliare the Quwlttttio 
W&m aa^ h» 'lli»oi»uNte frcw 

iHsm Sbtatitttlw of focnondos of the Half*, 
of <hilo, Oado, (Roxwogr), 1960. 

77. 

9«tt0lMlI| W* 

(1953) 

Cmi'w OoiHia, iata and f oaotionat 

Itrineatoo Oitia., 1953* 

7». 

VjUMlOiit Jl .V« 
iiiOomdueie 

(1964) 

*fba ia^iuMHitiai tlacooetfaiaod lilMffilfMliiaa 
facdmiqitw t&r iwMnaar 
a IMMwX<4hial. Kalhoi*, MaaaipNMit tielaaoa, 
?oX« 10, (1914), pp. 360-366* 

7f. 

Qmm, S.X. 

(1958) 

MaONxr IrograaaOag, VvOrw WiXl looli 
CoapoDf SRI. 9m tailc, 1958* 

ao* 

W.W. 

(1960) 

M Ikitro4o0tiott to llMHir Prograsedegt ' 
MciOrwe-Rili Boole OoaipM^ HO Mm toxlK, 

1960. 

•I* 

mamt f«i* iiiiClIil) 

1*9'. '"fMiqr 

"A Xinaar to tba Catting 'itoele 

Mi^Uai, Ji^rt ZX*, Opofmtloiiia Boaawaii, 
?oZ. f1, (1963) m* 863-888* 
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S«^» 

<l«(»9y moA 

t*li* Soatiir 

Cl»5) 

Alg0riv^ fCB' tim 
rtoaajs'trie 08|®ettw twottwa*. Km* 

S««. lof. cjmri. 2y (1955). 

83. 

Qm9» S.lt ttit 

¥.1). Siiii% 

(1954) 

**Sh* .'Paupsiasjstyie 06j««tiv» Tmt If 

Q'pttmtims B«s«areiiy ?o1l» 2t 1954* 

84. 

OiMiaty S.l* moA 
S*t. Saiiii-^ 

(1955) 

f OlwratlcaMt !^«t9«aat8t» 

m. 3$ 1955. 

&bm 

8lll>«y S. 

(1960) 

flw fiMioz^ of LooooHl* ifo4oloi iSa<lfm Hill 
Book. 0o:s:d^', Mm foxkf 1960# 

m. 

iSoliniBit A*<f. ai»A(l956) 
il.ff* fmimt 

of Miititr 2rQi;manl«(gf Mnma 
lB«fuiillti«» «ci4 

MacHitOB Itoiv. f9r«8» (1956)* 

8t. 


(1963) 

Mwmm» Sm ‘Pm&vmtJAg§ 

Mie0xm nil Book &mpm»y Xoc# liSSy 

ppm 20IH210. 

88. 

QOBOXJTf 1*E. 

(1958) 

**!» ilipillte for .Into^or Solu^iooo to 
:&io««r Fro^rawi*'# lMJ9oatoa«»I*l.f{. 8a1Bi. 
laoi. Kroj. feeii. Bt|K»rt Ko* 1y 19^ « 

89* 

KJ&m 

(1960) 

"M Al^rliha for ti» Xlapii lapufftr 

RUB »m^mh laXpt I960. 

90. 

% JSI. 

(i960) 

*'411 Ilco^rinnadA^ Algorlti«P IJI.1I. 

Cawtrty loaoorolt Ro|«>nt 1580* 

91. 

^mo^$ BJS. 

(1963) 

**00 tbf Cmmtipma* of «ft lotoptr ^memmXm 
Kpwmm’*§ B«r. loo. Bee* Ooorl* foX» 10# 
1963* 

9t. 

4iiW i]ii‘iiifi iirtHHHilifiiiiii mil 

WPiiiwyf 

(1158) 

*{kiitlfao» of oa Meerite for 1Date#r 


lio MiM«r Jua.l«tln 

9i iAm Ammimm SoteltUf 

f#!.* I4f tfS®, fp. a75-S78* 


IS* wm Km m wmm lJf mna.mnm Hmrn 

14 « tupiift* t*X« Mi il9i#) Mis»iV 

0*T^» Btotoiir willi SlntiPllMMMtiw lltf 

tMTlMWiPf E»ll«K« tiflii MmmUL 
8@iiffv«i^» tlii* 
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$5m s*K. «Bd. (iS^f) fmmmttie ^liiiMiiiap 

6»R* Ifeotay S'i®e'fel035sl. ?sNO{;;3i‘assji4t.j|^*'f •%„;',■■■.?’« .Tiusjt irf 

aa^JiSfr-mtieg, Bmmmeh 
tm^3.miln^&i&)f, iWfm 

%m Jl.ic* «it ’’ln.tw# af pfeiwjflis mi fustiOBiia. 

0.1# i»elior • l®w«ire o«ftiVijaCe©may®)--4i,tt foMfitsa#, 

?!r«3jlM»axy mp^r prin^<®S®i at laii« 

.Wooiatj 

nwft latlMimtteal !¥og3rw:sis^j^4 S®e#iiite«rf11i6« 

fo ap;aar .In f&« 

laaar* af liadtaii liatb* Scm* 

97. i.I. (1967) iWtipla* Jfotmi tar IAn«« fpnetlnanl 

fmotlniMl Pr&gr««ing*^t Ostetawi in C«iil!ir« 

»a. 5f 1967. 

98. Sogia, ».K. (I9i6) itirieai Sl*^*x laeoritlMi tar tUt IdycMsar 

fMiitien«i funeticRiiii tsa^sif^^maslja^* $ 
at Xniiwi WatnamtieeX 
' %3iiio«iiii8i m isttiffimtinid 

^gpMBBlng ste. l%6. fa mpa^ ite 
ii^tl2«iMtl«tt Stuimt (l^iin)* 

99. OivlalJC. (196?) **7lia 

' l^ipmailiii fpotlan witu Saparai^l* FmliceiaPt 

¥p»«iiiti4 «t tlMi 

m iSpamMimA RtflMNmii In Bbi¥arr4tit$8y 

JAJA ltoiv»« I9i7. 

too. 9«^tiit i.X. (1967) liln*w^ 'iVaipraisaing War innoalni tmtixoA. 

dfmniX M mmmtWmA mgmI 

tndxdmg CXeMii.«)i Midi«ntlna 1967. 

tot • Owofftpioat ' (1967) Mmttarim 

ixWam i* optt'ps%tima! itiinimli t9» 7967t 

PP* 55-94* 

tog* iwaiotky S* - (1960) iMay «f ita&an mi WaAmA Bamr# T/mr 

Tnikt fSiO* 

1C^* inilnjrii i* (flit) ''iiamr Rmilng ttuwii amImib 

1961* 

f0« • Xnilnf-i. §• (ifit) Hmm WmgmmilmtA iniilnc Wmm$ MAmm 

«n«l^, f9it« 

lil* i* (tiil) \«iipilii«m mi Wmmmmm 

HMWf iMlilam WmAayf W$4* 



1t3i« i*0, CWt) f^^twwtlag Isgr Stepluji ■Hfettoi" | 

m. t$f mu PP* S25-2S7* 


107# ii>0» 

H #8 • 

1CM# iiHiiimt MmA» Ct9Sl) 

109«« rnme^t t. Cms) 

lOfli# tftMjri, f# CtdiS) 

no# sa4a«m, 0 * Cil$t) 

111# iott1Mcl«3irti*^« (ifiO) 
iia* ivNHki (i|i<i) 

113 * »ind«)Mciift» A# «ia(i$S 4) 
i« • 

114* liiMiUt i#i« mA (lisi) 
v«i« Ikartm 

f1»* a«M4» 1«1&# (tfi4) 
IIA* f gg iW< M^^ i* (iSif) 

117* 

IIA* MMiftt 0* ' . CfHi) 


K<sm»x FrOi^racsi'siD^ by tm 
Ay^roxijastiai’’, .""cjlcissai tfi4.#f| 

p^* A00<4lt# 


•iNAltty fbearwii to S©«-llaasar 
w4t& F?oii«l4a®a3r 

#map* foA# 5, 1361, »• 64-71* 

I4Wt# a. Self* Ow*, 
f«l* 4, (t9S2) fp* 137-nf# 

**'SiiKl 3!«e«aii MT^sees 

llitbim»lt«iil fro.or&mliig, I9i3i IbOiwv- 
li.U Bo«dc Ooffipmj He# >«M Yoi^« 

"A Qtttinitljo 3^irfimii»i 

i«v# !•«» Ii0g* Yo3.* 14 Clf$7) 

IHP* 73-65# 

♦♦iraw Oftputfly ef 5tsa.4mtib “To,ressili%’*, 

Sec:Nei;4»»trie», fol.* tS, (l360) pp« Aa<«A?« 

*Mr Wm elmm i«ii psQ.urmmi& mw HjEUMdr***** 
Ball.* 4««4* io^cttaiiKi ^1* flm» B4i*lli'li!t* 
AKtvmw* 'Sbgra* YaS* it, (1364), 

*iatliMiiilifttil. Srp^gmmiAas* § nrn'vas^ Untixifft* 
Xdtliw, fflA* St* (ifH)*- 

"Aitrltlm ftmB#, i«f* !•«« OwrI* 3* 
IfSii P»» 71-IS. 

^■ll^raifaaMdjBg itAtii 1lpi*ifldMiMwit &dUMi«r 
fi«N»ti»Mi^t Vii»# IMw* laff* <'>j^rt# 

Wmm t A S* 1I64* 

**4 luilibA f&t SoXiria^ •, 

tai iiM^ Savvey v**f BoaaeMtirlea, f&l*SS(4), 

i«if* 

^Oe ••■§ IfmpKetim «€ 
la llaMiii-iila' fex» ItixtalaJLiig to f m^maX 

IsMgeaeat Seiaaeo, tol* 1t,{7), 
1366, m* €0i-i15* 

liftiiMKwiKleel ItelMto nwl ttt itaaeat 

‘thP90mni»$ mA SeouMtleei BeatHng 

AiiliiiaiwWiii^y, 1f!^# 
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Hi, 

Kmti Bwamiy^ 

Cl965) 

"A IJaality ffeearea for Iw-lijotar 
|rop«i.«iiii^ 2i^ (S^mmf), ¥o3l. 45$ 
(m9) PP* 31 1*314 . 

ISO. 

XMati duarn^ 

(m3) 

•2&iiiir Fraclloiaftl Pmestlam3L T^syjtrsc^K'tlJCka;” 
OfiHMWktJLcma ioseareb, ?«!.* 13 1 Cl96&)r 
ff. I<^«1036. 


Xtnli 

(m3) 

"2'3}0gt«mkitS «itli QiMtetmtio PrsKStioaal 
fiKHitiiaMiliPf Opeoiiroliy fisOl. 2f (m^) 
j»I>. 23-30. 

12S. 

Keistl. mwmp ' 

(m»} 

*^&m of 'lAnoor imotfoiii^ 

FittolloMkA ^KbpnMMKtiii**t A:4«traliaa 
towr* it»4. fol. ?, fSis, Pi). 90^104. 

123 • 

Xiati Smurap 

Ct968) 

J^OiTIMKlKlg Witb PiP'tw^LSjmm 
OooiitifaiaW', %im COtiNMiir)f 7c^» 46 
(1916) • 

124. 

Kwiti, -mamm 

(iM4) 

«i1^ loSttfiai'lt OwuSsatio 
fuootioii ritb liJMior 0<»iolaMttal«i''i 

0«bi«r» io Oonlr* do Opor. 

fol. i« (liSi) pf. 132-136* 

123. 

Xu»ti Sirarup 

(im) 

MtBmWlMlMhmf CpIlllWllIjMI' 

0i4itl«r» #1 Oontro 4*ltaf«« 4* Opior# 

foA. ft (ll66)f PP* 2t3««34« 

tM* 

Kmii SUmmup 

(im) 

'*0o«4f«1iio CMilar* 4a Sacitro 

<«ltia4*9 40 lioch. Opor. Yol* Of Cl96€)* 

It?. 

Xiffili 9if«fnm «ai 
X.Xt §ifplm 

(tm) 

to |F^ii4w|4to##y 

t folm. Until. i9m* foi«14»Cl966) 

138. 

KmM nwarup 

(tm) 

to to^iilttojlto 

llpootoralit ¥n^* 3« 1966* 

1^* i@f*t11* 

lit. 

’MPLte.yife; jL, A itHKiiniMiti. iMtMiMi ■ft- ilWiir 

iBiMi »1l 

dm) 

*frMHioaoi tinp* Xotli* 

Xrog* £o4i«ft Soldi* Ooaforooe«« 

INmi* tSii* 

m. 

IMPm VVMPiiP 

(mr) 

^Bws» totoito it iMiiS.l'Ijr 

fioatAoMoi j^rogmO" SIW (OornMii') 


rai. 47, mr. 
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149. 

1I.W « nni 
A«t* fuoter 

(i9sa) 

144 * 

^tenko, 

{m%) 

149* 

teagoa, 01^' • 

(1962) 

146* 

llOlOiOl, 0 uli * 

(1954) 

14T. 

itasponrinn, 0*:l«. 

.(1962) 

14a. 

0*li.(l9S5) 

loan* 

Bpnotitinf <1 • 

(1967) 

14f. 

larloa, aoln 

(1960) 

150. 

HaarfiNi, Salm 

(Ift4) 

191. 

Xartoof IMLn 

(1969) 

192. 

Hortoo, MUi* 

(1967) 


maA^ rc®iat#4 
ai ahtiajfc# i’JtuSieB, 
50t 'itinc&tm llaiir* l^ptaa, 195S» 

0»»t7mis«4 IlisM Qf 

I*ia«ar apoijraasslii^, JT* 31^3, ?ol*St 


**A iefclioA for Ilolatiou of 
!5^«3Pa3sii'jg**s iiffl«g«a*a* *3«itne«t 
Toi* I^SSl* 

*fl» BuoH Sfethroa of lii« .M«««r 

*v&-:]ra!Si»g. Frol»lo»i?*| lor. fm* lj©g« 
Qoort* fol« t» IfSAf m* 

XoawXiooiHr l^'o^rsaalog^l 
vUftTt. ippl. matte, tol* 20| (1962)* 
01^. 90^302. 


•’PaesMo-Cisavox fiasett«ia#i 
Control, 0»rio«» A* fol. 1(2), 1965, 
pp* »l-290« 

**SoiNni linger <e€ Ccwiiitxi^^, <!!tSIM 
teview, V<il.9, 1li7« 

"iir'i^rtelio fmsxmmlim W ^liaploot 
ilelitog'^, Cooxlone l&ttetMtiqMi 

Boinpitt, 1969, 701,2, ppmftf 

44>4II. 

*%prxttolln ^MupmaMtln#, ionr* Boo* 

Ouaxt. foiai, I|i4« 

"fte Dimof »0fSHir of forto* 

HoiMUi'*, managMont Soiweo, 
m. It Wt liifi ft* 241-292, 

”Qv*a.®4-Ci»pe>:it^ mi& ’SoMl-'JoMtwiiolty 
in ionoHmor Fri^ira»rin^y BtoOin 
^lontinrun Intteaatlnarum Itergorten 
fi^, t, 1967, ff * 269-2B, 


• fte xopvittt of tWLi tepir waa r&ooiv«4 ff tte aoltear ftroii 
B»lo movioo, in M.>-, I9ii* aMn tte eoittar teo 
•oii#lirt«4l liio wort ooRinSxiog in tte proMii tgawoia. 
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15^* ’>Siar43«itSj Htii# 

Cif») 

OptiMlmtim &f a 'lijatotie 

Tmcilm nuh^mt to IMbw 

Say* to®* 1»0|E* Quart # falm 3f Clf!56)t 

PP* 

ISi* Orimt 

(1964) 

^StstiMmry i»ljats ©f •x'aadi?a'ti© Faaetloa 
aa4«r 0«»t3m.itttsa**# SoiS utor 

lemml, 7$ »• 3® 19^4* pp* 238* 

241- 

153* 1 B •!« • 

Clf63) 

S«al flit if^dialilaii Cwpatigf'* 

i«t« ?ort» (t9i3)« 

t3&« KotlMHIt jr«B» 

Ct9605 

”fl» ®r«4i«»st frtjltctiw* ’letho4 for 
K<MS«Ila«*r ^ro^rtattitoe* !» 

Caifi®t;yaia'ls’’f SIAW 4'# foil* 8| v1988)t 

Pi»* ie!«3t?* 

t57« lowili i»3* 

(list) 

«a« Sr Frt 3 ««tloa HitiJoS for 

Io«i-*3^ta»SEy '^Wn Iff Ra*i*» 

iSuoftT CiQa«trairit»**» 1* foi* 9f 

(mih pp* 5t4*532. 

t!»$m Eittiirf £• 

Ctfss) 

fototo of Q-jaSmtio 'fexisis; 

Srol»l'(iiMii'*f f* ’^iiirgelMitallol&cltsitbooirie 

If# pp* 149*158 (1965). 

iS9* UtUtf «m 

(m6) 

»A litM for 8oliKl«« *'.srtsiaK rrabXew 
ottH * Siii*i*0©«i«yt» Quadratic "b^jootiv# 
Pamttm"0 Sm '^4iira©is®iJilistv tlt-GtheGTlo 

foi* 5# m$» 

IfO. t<» 0 lt»f*ii*r, 

, @0isrtx totlyoiot Srteootott liaivorolty# 
Bosurtmat of lawtweo Soto*, 

19&i. 

lit* telktfi f •]*« «wl 

# « jifini 

(m4> 

M0@k 1964* 

i$£* atiMitt 

(mf> 

M fm* mm of .iKlrto»»| 0* Oumi md 
&90$ 1957# loAift* 

U3m §9mni0 B*a« 

Cisfii) 

<•1 ftprtoo of SHitelwtloii foilwtiiiliMi t«ir 
iow4liMMit fSBotioia«*t J*St4S SortoWf 

4i lliti pp. 345*365. 
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Ifi4« Swoili 0%i;^n(Ser 

Cl9i0) 

165* :^uir«iiik Oteo4«r 

(Wl) 

166*. Suxa>ii& GiiAOor 

(19075 

1A?* SSi&a, a««* 

(I9i3) 

1l>0« Siaha., 9.i» 

(1900) 

169* Sisoa^t M* 

(1962) 

iTQm nis^steas, (1*f* 

(1963) 

1?t* foLoatlM, fmAm 

(liS4) 

mm folia, 9* 

(mt) 

IIS* fmia, i* 

(ifSi) 

174 • @* 

(1960) 


unA iicuri SbAll 

Iff* 6* 

m& A* 


*’t5®caas-o®ii~iiK Friiaelpliii for Xiineiir 
I*weiil€»i«l f!«etl<»ial. Pevuit 

It M 'P.ee^er-cLe 

Q'p*m%%miimix9t lo* l&t 1963* 

0apiMtttiit«4 fr4Ma«portatl» ?ifoWlt® 
in Mneer fie^tli»i«l funeliOBal 

$ im 0?«r* S«@# l‘oe» of 

ittiiWt m* lOt mi* 

ltwlb3.«ai &to««r 
fraetiCNtMd Q^Metl'Vm ^o 

«ff@ar in itetrilHk (Austiria)* 

^Brsi^sawisj^;; tfitJi StsBAart Krfoir® ta 

«l» CtiiuitiraiBti mi tHa 
Sooeat Aftif»«©*» itt 

Mbikem*^l 

Wmk Cmpmy m, mS, t»F» . 

Wxma»mn s€ m '^mxm. m SttpFfflHni 
of II Qmmx fmtaitim!*f 

(WSjf W* 3fi0»5®4« 

*A loto m ?e¥s»trie Ffs^twiwa^ 

SoioBOOf fol.* &§ 

m* 555*3». 

f«»Am .Aoalyolati MQl»x«pr- 

mxi WmM Qmpm'f 3W5# 

OonvwK iitoi iteAroiMitii 'iswk 0»ia--»i3S"» 

m*Wmi fofk, %m* 

MSi.««ii tooSoft 1911 • 

9«wlliitt ia Manor ^ 

A mm, 9m fooUt 19$il* 

of iIttiiMoal ma0m%im WmimimUm*^ 
soioaooi fiO.* t* ClSSOif 

ppm 

«*0# Sii^pM* aiM tlMi 9BW& •HJaoA JSer 
^wii^tio I*r9®w»ila«*, 0f«» * 

9oi# 15, 19&4, 1^. 3&*>-3ee. 



IIS* ¥«» c* iW4) 

rn. fail 4» fmm, €* (im) 
17 &* ■««|50®y, f* (19S1) 

m. tiifroi 0in41«y *(1964) 

190* f* (1959) 

191 « t©Lf«» (1961) 

1«* 3?* (1961) 

189. tol£«, f*. (196T) 

184. SoiiKtfWiiilkf «• (195$) 

m* 6. ( 19 ^) 


"''‘iaplS^jial StatbiNIsi for 
ftrogyoioiii^’*, for. Bna. tog. Cuart. 
tol. 11, 1964* 

" l^tgwsMiiagi with a Qaaimtlo 
8®a«lraiiit** , ^sim^vismt toloae®, 
fol. 12, 1966* 

"A ijMS-xliatar Ext«fmioa gsf ttoft atoplsat 
-IfeHioa", Geloac«, Wil. 7, 

Cmi), pf* 45->56* 

fuBctioii ®f iwibject to 

loiWMir Coiiatradoti^, il>iiiia.p;wot 
Seioneo, fol.. fO, 1964, 619^25* 

nMplm l»tlM4 for ^uMSrstlt 

iteoMMitriMitt fol* 27, 

(lfW)i *!». 3m-^m* 

"Smlitp timmm for XoamUjamr Pr&^,ptmmien^ 
of App^lOi ttilteKtlieiif ¥o3L« 9, 
1961, ?|j. *99-844. 

*sm&l*mtSMi£ tim eottios f^law lotto* 
im SmrnUijmm lVafcm3:3i»g'’f *. StAS, 
foi. 9, Cl96l)i pp* 481-4W». 

Iftltefto of it«t«4Jtotar l^o^iiwwing", 

t9it| 99* 99**1^, 


"MmOMiaam « foaotioo tn » aom&x rie^va*’, 

8 * stftt* 800. 7ol« *1 Cb), 1959, 
f$. Sit' '*§55* 

IlirlMl of immilA* Msmttimmi A Btiniy 
tm 34iMMHr mi Waao^ixtmut It'OirogattIfl# 
im*m, 9m T«rlc mi 
tgtmptm* fSit* 



